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Preface

Logical thinking, the analysis of complex relationships, the recognition of under-
lying simple structures which are common to a multitude of problems — these are
the skills which are needed to do mathematics, and their development is the main
goal of mathematics education.

Of course, these skills cannot be learned ‘in a vacuum’. Only a continuous
struggle with concrete problems and a striving for deep understanding leads to
success. A good measure of abstraction is needed to allow one to concentrate on
the essential, without being distracted by appearances and irrelevancies.

The present book strives for clarity and transparency. Right from the begin-
ning, it requires from the reader a willingness to deal with abstract concepts, as
well as a considerable measure of self-initiative. For these efforts, the reader will be
richly rewarded in his or her mathematical thinking abilities, and will possess the
foundation needed for a deeper penetration into mathematics and its applications.

This book is the first volume of a three volume introduction to analysis. It de-
veloped from courses that the authors have taught over the last twenty six years at
the Universities of Bochum, Kiel, Zurich, Basel and Kassel. Since we hope that this
book will be used also for self-study and supplementary reading, we have included
far more material than can be covered in a three semester sequence. This allows
us to provide a wide overview of the subject and to present the many beautiful
and important applications of the theory. We also demonstrate that mathematics
possesses, not only elegance and inner beauty, but also provides efficient methods
for the solution of concrete problems.

Analysis itself begins in Chapter II. In the first chapter we discuss quite thor-
oughly the construction of number systems and present the fundamentals of linear
algebra. This chapter is particularly suited for self-study and provides practice in
the logical deduction of theorems from simple hypotheses. Here, the key is to focus
on the essential in a given situation, and to avoid making unjustified assumptions.
An experienced instructor can easily choose suitable material from this chapter to
make up a course, or can use this foundational material as its need arises in the
study of later sections.

In this book, we have tried to lay a solid foundation for analysis on which the
reader will be able to build in later forays into modern mathematics. Thus most
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concepts and definitions are presented, right from the beginning, in their general
form — the form which is used in later investigations and in applications. This
way the reader needs to learn each concept only once, and then with this basis,
can progress directly to more advanced mathematics.

We refrain from providing here a detailed description of the contents of the
three volumes and instead refer the reader to the introductions to each chapter,
and to the detailed table of contents. We also wish to direct the reader’s attention
to the numerous exercises which appear at the end of each section. Doing these
exercises is an absolute necessity for a thorough understanding of the material,
and serves also as an effective check on the reader’s mathematical progress.

In the writing of this first volume, we have profited from the constructive
criticism of numerous colleagues and students. In particular, we would like to thank
Peter Gabriel, Patrick Guidotti, Stephan Maier, Sandro Merino, Frank Weber,
Bea Wollenmann, Bruno Scarpellini and, not the least, our students, who, by
their positive reactions and later successes, encouraged our particular method of
teaching analysis.

From Peter Gabriel we received support ‘beyond the call of duty’. He wrote
the appendix ‘Introduction to Mathematical Logic’ and unselfishly allowed it to
be included in this book. For this we owe him special thanks.

As usual, a large part of the work necessary for the success of this book
was done ‘behind the scenes’. Of inestimable value are the contributions of our
‘typesetting perfectionist’ who spent innumerable hours in front of the computer
screen and participated in many intense discussions about grammatical subtleties.
The typesetting and layout of this book are entirely due to her, and she has earned
our warmest thanks.

We also wish to thank Andreas who supplied us with latest versions of TEX!
and stood ready to help with software and hardware problems.

Finally, we thank Thomas Hintermann for the encouragement to make our
lectures accessible to a larger audience, and both Thomas Hintermann and Birk-
h&user Verlag for a very pleasant collaboration.

Zurich and Kassel, June 1998 H. Amann and J. Escher

IThe text was typeset using IATEX. For the graphs, CorelDRAW! and Maple were also used.
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Preface to the second edition

In this new edition we have eliminated the errors and imprecise language that have
been brought to our attention by attentive readers. Particularly valuable were the
comments and suggestions of our colleagues H. Crauel and A. Ilchmann. All have
our heartfelt thanks.

Zurich and Hannover, March 2002 H. Amann and J. Escher

Preface to the English translation

It is our pleasure to thank Gary Brookfield for his work in translating this book
into English. As well as being able to preserve the ‘spirit’ of the German text, he
also helped improve the mathematical content by pointing out inaccuracies in the
original version and suggesting simpler and more lucid proofs in some places.

Zurich and Hannover, May 2004 H. Amann und J. Escher
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Chapter I

Foundations

Most of this first chapter is about numbers — natural numbers, integers, real
numbers and complex numbers. Without a clear understanding of these numbers,
a deep investigation of mathematics is not possible. This makes a thorough dis-
cussion of number systems absolutely necessary.

To that end we have chosen to present a constructive formulation of these
number systems. Starting with the Peano axioms for the natural numbers, we
construct successively the integers, the rational numbers, the real numbers and
finally, the complex numbers. At each step, we are guided by a desire to solve
certain ‘naturally’ occurring equations. These constructions are relatively long and
require considerable stamina from the reader, but those readers who persevere will
be rewarded with considerable practice in mathematical thinking.

Even before we can talk about the natural numbers, the simplest of all number
systems, we must consider some of the fundamentals of set theory. Here the main
goal is to develop a precise mathematical language. The axiomatic foundations of
logic and set theory are beyond the scope of this book.

The reader may well be familiar with some of the material in Sections 1-4.
Even so, we have deliberately avoided appealing to the reader’s intuitions and
previous experience, and have instead chosen a relatively abstract framework for
our presentation. In particular, we have been strict about avoiding any concepts
that are not already precisely defined, and using claims that are not previously
proved. It is important that, right from the beginning, students learn to work with
definitions and derive theorems from them without introducing spurious additional
assumptions.

The transition from the simplest number system, the natural numbers, to the
most complicated number system, the complex numbers, is paralleled by a corre-
sponding increasing complexity in the algebra needed. Therefore, in Sections 7-8
we discuss fairly thoroughly the most important concepts of algebra. Here again we
have chosen an abstract approach with the goal that beginning students become
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familiar with certain mathematical structures which appear in later chapters of
this book and, in fact, throughout mathematics.

A deeper understanding of these concepts is the goal of (linear) algebra and,
in the corresponding literature, the reader will find many other applications. The
goal of algebra is to derive rules which hold in systems satisfying certain small sets
of axioms. The discovery that these axioms hold in complex problems of analysis
will enable us to recognize underlying unity in diverse situations and to maintain
an overview of an otherwise unwieldy area of mathematics. In addition, the reader
should see early on that mathematics is a whole — it is not made up of disjoint
research areas, isolated from each other.

Since the beginner usually studies linear algebra in parallel with an introduc-
tion to analysis, we have restricted our discussion of algebra to the essentials. In
the choice of the concepts to present we have been guided by the needs of later
chapters. This is particularly true about the material in Section 12, namely vector
spaces and algebras. These we will meet frequently, for example, in the form of
function algebras, as we penetrate further into analysis.

The somewhat ‘dry’ material of this first chapter is made more palatable by
the inclusion of many applications. Since, as already mentioned, we want to train
the reader to use only what has previously been proved, we are limited at first to
very simple ‘internal’ examples. In later sections this becomes less of a restriction,
as, for example, the discussion of the interpolation problems in Section 12 shows.

We remind the reader that this book is intended to be used either as a
textbook for a course on analysis, or for self study. For this reason, in this first
chapter, we are more thorough and cover more material than is possible in lectures.
We encourage the reader to work through these ‘foundations’ with diligence. In
the first reading, the proofs of Theorems 5.3, 9.1, 9.2 and 10.4 can be skipped. At
a later time, when the reader is more comfortable with proofs, these gaps should
filled.
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1 Fundamentals of Logic

To make complicated mathematical relationships clear it is convenient to use the
notation of symbolic logic. Symbolic logic is about statements which one can mean-
ingfully claim to be true or false. That is, each statement has the truth value
‘true’ (T) or ‘false’ (F). There are no other possibilities, and no statement can be
both true and false.

Examples of statements are ‘It is raining’, ‘There are clouds in the sky’, and
‘All readers of this book find it to be excellent’. On the other hand, ‘This sentence
is false’ is not a statement. Indeed, if the sentence were true, then it says that it
is false, and if it is false, it follows that the sentence is true.

Any statement A has a negation —A (‘not A’) defined by —A is true if A is
false, and —A is false if A is true. We can represent this relationship in a truth table:

A|lT|F
-A||F|T

Of course, in normal language ‘not A’ can be expressed in many ways. For
example, if A is the statement ‘There are clouds in the sky’, then = A could be
expressed as ‘There are no clouds in the sky’. The negation of the statement ‘All
readers of this book find it to be excellent’ is ‘There is at least one reader of this
book who finds that it is not excellent’ (but not ‘No readers of this book find it to
be excellent’).

Two statements, A and B, can be combined using conjunction A and disjunc-
tion V to make new statements. The statement A A B (‘A and B’) is true if both
A and B are true, and is false in all other cases. The statement AV B (‘A or B’)
is false when both A and B are false, and is true in all other cases. The following
truth table makes the definitions clear:

AANB | AVB

el Bl | 6N
=AW
e A >
o<

Note that the ‘or’ of disjunction has the meaning ‘and/or’, that is, ‘A or B’ is true
if A is true, if B is true, or if both A and B are true.

If E(z) is an expression which becomes a statement when x is replaced by an
object (member, thing) of a specified class (collection, universe) of objects, then
E is a property. The sentence ‘z has property E’ means ‘E(x) is true’. If = belongs
to a class X, that is, z is an element of X, then we write x € X, otherwise! = ¢ X.

11t is usual when abbreviating statements with symbols (such as €, =, etc.) to denote their
negations using the corresponding slashed symbol (¢, #, etc.).
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Then
{zeX; E(@)}

is the class of all elements x of the collection X which have property E. If X is
the class of all readers of this book and E(x) is the statement ‘x wears glasses’,
then {:17 € X; E(x) } is the class of all readers of this book who wear glasses.

We write 3 for the quantifier ‘there exists’. The expression
Jdx e X: E(x)

has the meaning ‘There is (at least) one object x in (the class) X which has
property E’. We write 3!z € X : E(x) when exactly one such object exists.

We use the symbol V for the quantifier ‘for all’. Once again, in normal lan-
guage statements containing V can be expressed in various ways. For example,

Vee X: E(x) (1.1)

means that ‘For each (object)  in (the class) X, the statement F(z) is true’, or
‘Every « in X has the property E’. The statement (1.1) can also be written as

E(z), VzeX, (1.2)

that is, ‘Property E is true for all x in X’. In a statement such as (1.2) we usually
leave out the quantifier V and write simply

E(z) , reX . (1.3)
Finally, we use the symbol := to mean ‘is defined by’. Thus
a:="b,

means that the object (or symbol) a is defined by the object (or expression) b.
One says also ‘a is a new name for b’ or ‘a stands for b ’. Of course a = b means
that objects a and b are equal, that is, @ and b are simply different representations
of the same object (statement, etc.).

1.1 Examples Let A and B be statements, X and Y classes of objects, and F a
property. Then, using truth tables or other methods, one can easily verify the
following statements:

(a) ~=A = =(~4) = A.
(b) =(AA B) = (=A)V (=B).
(c) =(AV B) = (=A) A (=B).

(d) =(Vz € X: E(z)) = (3= € X : ~E(z)). Example: The negation of the state-
ment ‘Every reader of this book wears glasses’ is ‘At least one reader of this book
does not wear glasses’.
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() ~(3z € X: E(z)) = (Va € X: =E(z)). Example: The negation of the state-
ment ‘There is a bald man in London’ is ‘No man in London is bald’.

(f) “(Vze X: (QyeY: E(x,y))=3FzeX: (YyeY: E(z,y))).
Example: The negation of the statement ‘Each reader of this book finds at least
one sentence in Chapter I which is trivial’ is ‘At least one reader of this book finds
every sentence of Chapter I nontrivial’.

(8 ~BzeX: (VyeY: E(z,y))) = (VzeX: (3yeY: -E(z,y))).
Example: The negation of the statement ‘There is a Londoner who is a friend of
every New Yorker’ is ‘For each Londoner there is at least one New Yorker who is
not his/her friend’. m?

1.2 Remarks (a) For clarity, in the above examples, we have been careful to
include all possible parentheses. This practice is to be recommended for compli-
cated statements. On the other hand, statements are often easier to understand
without parentheses and even without the membership symbol €, so long as no
ambiguity arises. In all cases, it is the order of the quantifiers that is significant.
Thus Va Jy: E(z,y) and ‘Jy Vo : E(z,y)’ are different statements: In the first
case, for all = there is some y such that E(z,y) is true. Thus y depends on z, that
is, for each 2 one has to find a (possibly) different y such that F(z,y) is true.
In the second case it suffices to find a fixed y such that the statement E(z,y) is
true for all z. For example, if E(x,y) is the statement ‘Reader z of this book finds
the mathematical concept y to be trivial’, then the first statement is ‘Each reader
of this book finds at least one mathematical concept to be trivial’. The second
statement is ‘There is a mathematical concept which every reader of this book
finds to be trivial’.

(b) Using the quantifiers 3 and V, negation becomes a purely ‘mechanical’ pro-
cess in which the symbols 3 and V (as well as A and V) are interchanged (with-
out changing the order) and statements which appear are negated (see Exam-
ples 1.1). For example, the negation of the statement Vz Iy Vz: E(z,y,z) is
‘JxVyIz: -E(x,y,z). =

Let A and B be statements. Then one can define a new statement, the im-
plication A = B, (‘A implies B’) as follows:

(A= B):=(~A)VB. (1.4)

Thus A = B is false if A is true and B is false, and is true in all other cases
(see Examples 1.1(a), (c)). In other words, A = B is true when A and B are
both true, or when A is false (independent of whether B is true or false). This
means that a true statement cannot imply a false statement, and also that a false

2We use a black square to indicate the end of a list of examples or remarks, or the end of a
proof.
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statement implies any statement — true or false. It is common to express A = B
as ‘To prove B it suffices to prove A’, or ‘B is necessary for A to be true’, in other
words, A is a sufficient condition for B, and B is a necessary condition for A.

The equivalence A <= B (‘A and B are equivalent’) of the statements A
and B is defined by

(A= B):=(A=B)A(B=A).

Thus the statements A and B are equivalent when both A = B and its converse
B = A are true, or when A is a necessary and sufficient condition for B (or vice
versa). Another common way of expressing this equivalence is to say ‘A is true if
and only if B is true’.

A fundamental observation is that
(A= B) <= (-B=-4A) . (1.5)

This follows directly from (1.4) and Example 1.1(a). The statement =B = —A is
called the contrapositive of the statement A = B.

If, for example, A is the statement ‘There are clouds in the sky’ and B is the
statement ‘It is raining’, then B = A is the statement ‘If it is raining, then there
are clouds in the sky’. Its contrapositive is, ‘If there are no clouds in the sky, then
it is not raining’.

If B = A is true it does not, in general, follow that =B = —A is true! Even
when ‘it is not raining’, it is possible that ‘there are clouds in the sky’.

To define a statement A so that it is true whenever the statement B is true,
we write
A<= B

and say ‘A is true, by definition, if B is true’.

In mathematics a true statement is often called a proposition, theorem,
lemma or corollary.? Especially common are propositions of the form A = B.
Since this statement is automatically true if A is false, the only interesting case is
when A is true. Thus to prove that A = B is true, one supposes that A is true
and then shows that B is true.

The proof can proceed directly or ‘by contradiction’. In the first case, one
can use the fact (which the reader can easily check) that

(A= C)A(C = B)= (A= B) . (1.6)

If the statements A = C and C' = B are already known to be true, then, by (1.6),
A= B is also true. If A= C and C = B are not known to be true and the

3 All theorems, lemmas and corollaries are propositions. A theorem is a particularly important
proposition. A lemma is a proposition which precedes a theorem and is needed for its proof.
A corollary is a proposition which follows directly from a theorem.
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implications A = C and C' = B can be similarly decomposed, this procedure can
be used to show A = C and C = B are true.

For a proof by contradiction one supposes that B is false, that is, =B is true.
Then one proves, using also the assumption that A is true, a statement C' which
is already known to be false. It follows from this ‘contradiction’ that =B cannot
be true, and hence that B is true.

Instead of A = B, it is often easier to prove its contrapositive =B = —A.
According to (1.5) these statements are equivalent, that is, one is true if and only
if the other is true.

At this point, we prefer not to provide examples of the above concepts since
they would be necessarily rather contrived. Instead the reader is encouraged to
identify these structures in the proofs in following section (see, in particular, the
proof of Proposition 2.6).

The preceding discussion is incomplete in that we have neither defined the word
‘statement’ nor explained how to tell whether a statement is true or false. A further
difficultly lies in our use of the English language, which, like most languages, contains
many sentences whose meaning is ambiguous. Such sentences cannot be considered to be
statements in the sense of this section.

For a more solid understanding of the rules of deduction, one needs mathematical
logic. This provides a formal language in which the only statements appearing are those
which can be derived from a given system of ‘axioms’ by means of well defined construc-
tions. These axioms are ‘unprovable’ statements which are recognized as fundamental
universal truths.

We do not wish to go further here into such formal systems. Instead, interested read-
ers are directed to the appendix, ‘Introduction to Mathematical Logic’, which contains a
more precise presentation of these ideas.

Exercises

1 “The Simpsons are coming to visit this evening,” announced Maud Flanders. “The
whole family — Homer, Marge and their three kids, Bart, Lisa and Maggie?” asked Ned
Flanders dismayed. Maud, who never misses a chance to stimulate her husband’s logical
thinking, replied, “I’ll explain it this way: If Homer comes then he will bring Marge too.
At least one of the two children, Maggie and Lisa, are coming. Either Marge or Bart is
coming, but not both. Either both Bart and Lisa are coming or neither is coming. And
if Maggie comes, then Lisa and Homer are coming too. So now you know who is visiting
this evening.”

Who is coming to visit?

2 In the library of Count Dracula no two books contain exactly the same number of
words. The number of books is greater than the total number of words in all the books.
These statements suffice to determine the content of at least one book in Count Dracula’s
library. What is in this book?
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2 Sets

Even though the reader is probably familiar with basic set theory, we review in
this section some of the relevant concepts and notation.

Elementary Facts

If X and Y are sets, then X CY (‘X is a subset of Y’ or ‘X is contained in Y”)
means that each element of X is also an element of Y, that is, Vx € X : z €Y.
Sometimes it is convenient to write Y 2 X (‘Y contains X’) instead of X C Y.
Equality of sets is defined by

X=YV:= (XCY)A(Y CX).

The statements
XCcX (reflexivity)
(XCY)AN(YCZ)=(XCZ) (transitivity)
are obvious. If X CY and X # Y, then X is called a proper subset of Y. We
denote this relationship by X CY or Y D X and say ‘X is properly contained
in Y.
If X is a set and E is a property then {z € X ; E(x)} is the subset of X
consisting of all elements = of X such that E(z) is true. The set

Ox ={zeX;ax#az}

is the empty subset of X.

2.1 Remarks (a) Let E be a property. Then
relx = E(x)
is true for each x € X (“The empty set possesses every property’).
Proof From (1.4) we have
(x€0x = E(z)) = ~(z € 0x)VE(z) .
The negation —(z € (Ix) is true for each x € X . m

(b) If X and Y are sets, then @x = @y, that is, there is exactly one empty set.
This set is denoted () and is a subset of any set.

Proof From (a) we get © € Dx = z € Dy, hence 0x C @y. By symmetry, fy C 0x, and
solbx =0y. m

The set containing the single element z is denoted {z}. Similarly, the set
consisting of the elements a, b, ..., *, ® is written {a,b,...,*, ®O}.
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The Power Set

If X is a set, then so is its power set P(X). The elements of P(X) are the subsets
of X. Sometimes the power set is written 2% for reasons which are made clear in
Section 3 and in Exercise 3.6. The following are clearly true:

PeP(X), XePX).
reX < {z} e P(X).
YCX < YePX).

In particular, P(X) is never empty.

2.2 Examples (a) P(0) = {0}, ’P({(Z)}) = {(2)7 {(2)}}
(b) P({*7®}) = {@{*},{@},{*,@}}. n

Complement, Intersection and Union

Let A and B be subsets of a set X. Then
AB:={zeX; (xecA)AN(x¢B)}

is the (relative) complement of B in A. When the set X is clear from context, we
write also
Ac:=X\A
and call A° the complement of A.
The set
ANB:={zeX; (x€A)N(zeB)}

is called the intersection of A and B. If AN B = (J, that is, if A and B have no
element in common, then A and B are disjoint. Clearly, A\ B = AN B°. The set

AUB:={zeX; (zr€A)V(zreB)}
is called the union of A and B.
2.3 Remark It is useful to represent graphically the relationships between sets

using Venn diagrams. Fach set is represented by a region of the plane enclosed by
a curve.

A X\(AUB)

NS B
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Such diagrams cannot be used to prove theorems, but, by providing intuition about
the possible relationships between sets, they do suggest what statements about sets
might be provable. m

In the following proposition we collect together some simple algebraic prop-
erties of the intersection and union operations.

2.4 Proposition Let X, Y and Z be subsets of a set.

(i) XUY=YUX, XNY =Y NX. (commutativity)
) XUuYuZzZ)=(XUuY)uZ, XN NZ) =(XNY)NZ. (associativity)

i) XU¥YNnZ)=(XUY)n(XU2),
(distributivity)
XN(Yuz)=(XNY)u(Xn2).

(iv) XY & XUY=Y<=XnNnY =X
Proof These follow directly from the definitions.! m

Products

From two objects a and b we can form a new object, the ordered pair (a,b).
Equality of two ordered pairs (a,b) and (a’,b’) is defined by

(a,b) = (') = (a=d)A(b=0) .

The objects a and b are called the first and second components of the ordered
pair (a,b). For z = (a,b), we also define

pri(z) :=a, pry(z):=0b,

and, for j = 1,2 (that is, for j € {1,2}), we call pr;(x) the 4t projection of .

If X and Y are sets, then the (Cartesian) product X x Y of X and Y is the
set of all ordered pairs (z,y) with z € X and y € Y.

2.5 Example and Remark (a) For X := {a,b} and Y := {*,®,0} we have

X xY ={(a,%),(b,%),(a,0), (b, ®), (a,0), (b,0)} .

1By this and similar statements (‘This is clear’, ‘Trivial’ etc.) we mean, of course, that the
reader should prove the claim his/herself!
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(b) As in Remark 2.3, it is useful to have
a graphical representation of the product
X x Y. In this diagram the sets X and Y

. X xY
are represented by lines, and X x Y by the Y x
rectangle. Once again we stress that such
diagrams cannot be used to prove theo-
X

rems, but serve only to help the intuition. m

We provide a complete proof for the following Proposition 2.6(i) so that the
reader may become familiar with the ways that proofs are constructed and written.

2.6 Proposition Let X and Y be sets.
(i) XxY=0<= (X=0)Vv (Y =0).
(ii) In general: X xY #Y x X.

Proof (i) We have two statements to prove, namely
XxY=0=X=0)v¥ =0

and its converse. The corresponding parts of the proof are labelled using the sym-
bols ‘=" and ‘«=’.

‘=" This part of the proof is done by contradiction. Suppose that X x Y =0
and that the statement (X =0)V (Y =0) is false. Then, by Example 1.1(c),
the statement (X # @) A (Y # () is true and so there are elements z € X and
y € Y. But then (z,y) € X x Y, contradicting X x Y = (. Thus X x Y = im-
plies (X =0) v (Y =0).

‘<=’ We prove the contrapositive of the statement
X=0)v{{¥ =0)=XxY=0.

Suppose that X x Y # (). Then there is some (z,y) € X xY with z € X and
y € Y. Consequently we have (X # 0) A (Y #0) = =((X =0) v (Y =0)).

(ii) See Exercise 4. m
The product of three sets X, Y and Z is defined by
XXxYXxZ=(XxY)xZ.
This construction can be repeated? to define the product of n sets:
Xixooox X=Xy x--x X 1) x X, .

For z in X x -+ x X,, we write (z1,...,2,) instead of (--- ((z1,%2),23),...,%y)
and call z; the 5 component of = for 1 < j < n. The element x; is also prj(x),

2See Proposition 5.11.
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the j* projection of z. Instead of X; x --- x X,, we can also write

11
j=1

If all the factors in this product are the same, that is, X; = X for j =1,...,n,
then the product is written X™.

Families of Sets

Let A be a nonempty set and, for each a € A, let A, be a set. Then { A, ; a« € A}
is called a family of sets and A is an index set for this family. Note that we do
not require that A, # Ag whenever the indices o and 3 are different, nor do we
require that A, is nonempty for each index. Note also that a family of sets is never
empty.

Let X be aset and A:={ A, ; a € A} a family of subsets of X. Generalizing
the above concepts we define the intersection and the union of this family by

ﬂAa::{xGX;VaeA:xeAa}

and
UAQ::{;UEX; JaeA:ze A, }

respectively. Note that [, Ao and |J,, A, are subsets of X. Instead of (), A, we
sometimes write (), ca Aa, or (N {2z € X ; 2 € Ay}, or (44 A4, or simply (N A.
If A is a finite family of sets, then it can be indexed with finitely many natural
numbers® {0,1,...,n}: A={A4;; j=0,...,n}. Then we also write U?:o Aj or
AgU---UA, for JA.

The following proposition generalizes Proposition 2.4 to families of sets.

2.7 Proposition Let { A, ; a € A} and { Bg ; § € B} be families of subsets of a
set X.

(i) (ﬂa Aa) N (ﬂﬁ BB) - ﬂ(o"ﬁ) Aa N Bp. (associativity)
(Ua 4a) U (Us Bs) = U(a,5) Aa U Bg.

(ii) (N Aa) U (Mg Bs) = Nia,p) Aa U Bs. (distributivity)
(Ua 4a) N (Us Bs) = Ura,p) A N Bg
(N 4a)
(U Aa)”

Here («, 8) runs through the index set A x B.

3See Section 5.
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Proof These follow easily from the definitions. For (iii), see also Examples 1.1. m

2.8 Remark The attentive reader will have noticed that we have not explained what
a set is. Indeed the word ‘set’, as well as the word ‘element’, are undefined concepts of
mathematics. Hence one needs axioms, that is, rules that are assumed to be true without
proof, which say how these concepts are to be used. Statements about sets in this and
following sections which are not provided with proofs can be considered to be axioms.
For example, the statement ‘The power set of a set is a set’ is such an axiom. In this book
we cannot discuss the axiomatic foundations of set theory — except perhaps in a few
remarks in Section 5. Instead, we direct the interested reader to the relevant literature.
Short and understandable presentations of the axiomatic foundations of set theory can
be found, for example, in [Dug66], [Ebb77], [FP85] and [Hal74]. Even so, the subject
requires a certain mathematical maturity and is not recommended for beginners.

We emphasize that the question of what sets and elements ‘are’ is unimportant.
What matters are the rules with which one deals with these undefined concepts. m
Exercises

1 Let X, Y and Z be sets. Prove the transitivity of inclusion, that is,
(XCY)ANYCZ)=XCZ.

2 Verify the claims of Proposition 2.4.
3 Provide a complete proof of Proposition 2.7.
4 Let X and Y be nonempty sets. Show that X x Y =Y x X < X =Y.

5 Let A and B be subsets of a set X. Determine the following sets:

(A%)°.
AN A°.

(a)

(b)

(c) AU A°.

(d) (A°UB)N (AN B°).
(e)

(f)

(

A°UB)U (AN B°).
f )

(
(A°UB°)N (AU B).
(A

g) BY)n (AN B).

6 Let X be a set. Prove

U A=X and m A=0.

AeP(X) AeP(X)
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7 Let X and A be subsets of a set U and let Y and B be subsets of a set V.
Prove the following:

(a) fAXxB#0,thn AXBCX XY <= (ACX)A(BCY).

M) (X xY)UAXY)=(XUA)xY.

() (X xY)N(Ax B)=(XnNA)x(YNnB).

(d) (X x Y)\(Ax B) = ((X\A) xY)U (X x (Y\B)).

8 Let {As; a€ A} and { Bg; € B} be families of subsets of a set.
Prove the following:

(a) (ma AO‘) X (mﬁ Bﬁ) = ﬂ(a’ﬁ) Aa X Bﬁ.
(b) (Ua AO‘) X (Uﬂ BB) = U(a”g) Ao X Bg.
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3 Functions

Functions are of fundamental importance for all mathematics. Of course, this con-
cept has undergone many changes on the way to its modern meaning. An important
step in its development was the removal of any connection to arithmetic, algorith-
mic or geometric ideas. This lead (neglecting certain formal hair-splitting discussed
in Remark 3.1) to the set theoretical definition which we present below.

In this section X, Y, U and V are arbitrary sets.

A function or map f from X to Y is a rule which, for each element of X,
specifies exactly one element of Y. We write

f: X->Y or X—-Y, z~ f(x),

and sometimes also f: X — Y, x+ f(x). Here f(z) € Y is the value of f at x.
The set X is called the domain of f and is denoted dom(f), and Y is the codomain
of f. Finally

im(f):={yeY;JzecX: y=[f(z)}

is called the image of f.

If f: X — Y is a function, then

graph(f) ::{(x,y)eXxY; y:f(a:)}:{(m,f(a:)) eXxY; xeX}
is called the graph of f. Clearly, the graph of a function is a subset of the Cartesian

product X x Y. In the following diagrams of subsets G and H of X x Y, G is the
graph of a function from X to Y, whereas H is not the graph of such a function.

LT ,
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3.1 Remark Let GG be a subset of X X Y having the property that, for each z € X,
there is exactly one y € Y with (z,y) € G. Then we can define a function f: X —Y
using the rule that, for each x € X, f(z):=y where y € Y is the unique element such
that (z,y) € G. Clearly graph(f) = G. This observation motivates the following defini-
tion: A function X — Y is an ordered triple (X,G,Y) with G C X x Y such that, for
each z € X, there is exactly one y € Y with (x,y) € G. This definition avoids the use-
ful but imprecise expression ‘rule’ and uses only set theoretical concepts (see however
Remark 2.8). m

Simple Examples

Notice that we have not excluded X =) and Y = (). If X is empty, then there is
exactly one function from X to Y, namely the empty function®: ) — Y. IfY =0
but X # (), then there are no functions from X to Y. Two functions f: X — Y
and g: U — V are equal, in symbols f = g, if

X=U, Y=V and f(z)=g9(z), reX.

Thus, for two functions to be equal, they must have the same domain, codomain
and rule. If one of these conditions fails, then the functions are distinct.

3.2 Examples (a) The function idx: X — X, x +— z is the identity function
(of X). If the set X is clear from context, we often write id for idx.

(b) f X CY,theni: X —» Y, x — xis called the inclusion (embedding, injection)
of X into Y. Note that it =idy < X =Y.

(¢) If X and Y are nonempty and b €Y, then X —Y, z+ b is a constant
function.

(@ Iff: X >Y and A C X, then f|A: A=Y, x+— f(x) is the restriction of f
to A. Clearly f|[A=f<= A=X.

(e) Let AC X and g: A — Y. Then any function f: X —» Y with f|A=g is
called an extension of g, written f O g. For example, with the notation of (b)
we have idy D . (The set theoretical notation f D g follows naturally from Re-
mark 3.1.)

(f) Let f: X =Y be a function with im(f) CU CY C V. Then there are ‘in-
duced’ functions f1: X — U and fo: X — V defined by f;(z) := f(z) for z € X
and j = 1,2. Usually we use the same symbol f for these induced functions and
hence consider f to be a function from X to U, from X to Y or from X to V as
needed.

(g) Let X # 0 and A C X. Then the characteristic function of A is

1, rEeEA,

X 0,1
XA _){a}7 Z"—>{O’ r e A° .
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(h) If Xy,..., X, are nonempty sets, then the projections
n
plr,,czl_[Xj—nX';€7 x=(21,...,2n) — Tf , k=1,....n,
j=1

are functions. m

Composition of Functions

Let f: X =Y and g: Y —V be f

two functions. Then we define a new s
function g o f, the composition of f
and ¢ (more precisely, ‘f followed X Y
by ¢'), by Qf /
g
gof: X —=V, xl—>g(f(x)) VQ

3.3 Proposition Let f: X =Y, g: Y — U and h: U — V be functions. Then
the compositions (hog)o f and ho (go f): X — V are well defined and

(hog)of=ho(gof) (3.1)
(associativity of composition).

Proof This follows directly from the definition. m

In view of this proposition, it is unnecessary to use parentheses when com-
posing three functions. The function (3.1) can be written simply as h o g o f. This
notational simplification also applies to compositions of more than three functions.
See Examples 4.9(a) and 5.10.

Commutative Diagrams

It is frequently useful to represent compositions of functions in a diagram. In such

a diagram we write X LY place of f: X — Y. The diagram
f

NS

\%

Y

is commutative if h = g o f.
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Similarly the diagram

is commutative if g o f = 1) o p. Occasionally one has complicated diagrams with
many ‘arrows’, that is, functions. Such diagrams are commutative if the following
is true: If X and Y are sets in the diagram and one can get from X to Y via two
different paths following the arrows, for example,

xha ol ny and x 2B BB B Iy
then the functions f,, o f,,_10---0 f; and ¢, © g_1 0+ 0 g1 are equal. For ex-
ample, the diagram

f

N
PN

is commutative if p =go f, ¥ =hogand j=hogo f=hoy =1 o f, which is
the associativity statement of Proposition 3.3.

X

Y

\%

U

Injections, Surjections and Bijections

Let f: X —Y be a function. Then f is surjective if im(f) =Y, injective if
f(z) = f(y) implies =y for all z,y € X, and bijective if f is both injective
and surjective. One says also that f is a surjection, injection or bijection respec-
tively. The expressions ‘onto’ and ‘one-to-one’ are often used to mean ‘surjective’
and ‘injective’.

3.4 Examples (a) The functions graphed below illustrate these properties:

X X X

Surjective, not injective Injective, not surjective Bijective
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(b) Let Xi,...,X, be nonempty sets. Then for each k € {1,...,n} the k*" pro-
jection pry, : H?Zl X; — X}, is surjective, but not, in general, injective. m

3.5 Proposition Let f: X — Y be a function. Then f is bijective if and only if
there is a function g: Y — X such that go f =idx and f o g = idy. In this case,
g Is uniquely determined by f.

Proof (i) ‘=" Suppose that f: X — Y is bijective. Since f is surjective, for each
y € Y there is some z € X with y = f(z). Since f is injective, this x is uniquely
determined by y. This defines a function g: Y — X with the desired properties.

(ii) ‘<=’ From f o g = idy it follows immediately that f is surjective. Now let

z,y € X and f(z) = f(y). Then we have = = g(f(z)) = g(f(y)) = y. Hence f is
injective.

(iii) If h: Y — X with ho f =idx and foh =idy, then, from Proposi-
tion 3.3, we have

g=goidy =go(foh)=(gof)oh=idxoh="h.

Thus g is uniquely determined by f. m

Inverse Functions

Proposition 3.5 motivates the following definition: Let f: X — Y be bijective.
Then the inverse function f~' of f is the unique function f~': Y — X such that
f o f_l =idy and f_l [¢) f =idy.

The proof of the following proposition is left as an exercise (see Exercises 1
and 3).

3.6 Proposition Let f: X — Y and g: Y — V be bijective. Thengo f: X -V
is bijective and

(gof) "t =ftog".

Let f: X — Y be a function and A C X. Then
J(A) = {fl@) eY;acA)
is called the image of A under f. For each C C Y,
FUC) = {ze X fl@)eC)

is called the preimage of C' under f.
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3.7 Example Let f: X — Y be the function whose graph is below.

A B
Then f~1(C) =0 and f~'(f(A)) = AU B, and, in particular, f~1(f(A)) D A. m

Set Valued Functions

Let f: X — Y be a function. Then, using the above definitions, we have two
‘induced’ set valued functions,

f:PX)—=PY), A~ f(A) and f':PY)—-PX), B f(B).
Using the same symbol f for two different functions leads to no confusion since
the intent is always clear from context.

If f: X — Y is bijective, then f~': Y — X exists and {f~*(y)} = f~*({y})
for all y € Y. In this equation, and in general, the context makes clear which
version of f~! is meant. If f is not bijective, then only the set valued function f~1
is defined, so no confusion is possible. In either case, we write f~!(y) for f=1 ({y})
and call f~!(y) C X the fiber of f at y. The fiber f~1(y) is simply the solution set
{z € X ; f(x) =y} of the equation f(z) = y. This could, of course, be empty.

3.8 Proposition The following hold for the set valued functions induced from f:
(i) ACBC X = f(A) C f(B).
(i) 4a € X VaeA= f(U,A4a) =U, f(
(iii) Ae €X VaeA= f(N,4a) SN, f

(v) AC X = f(4°) 2 FX)\F(A).

) a):
)
)
(') ACB CY = fY(A)C f1(B).
) =
) A
)

A
o f(Aa).

(i) A, CY VaeA= U, A,)
(i) AL, CY VaeA= f"1(N,4) =N,
(iv/ A’CY:>f YA = [f~ (A’)} .

Ifg: Y — V is another function, then (go f)~! = f~1og™!

Ua £71(A%).
FHAL)-

The easy proofs of these claims are left to the reader.
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In short, Proposition 3.8(i")—(iv’) says that the function f~1: P(Y) — P(X)
respects all set operations. The same is not true, in general, of the induced function
f:P(X)— P(Y) as can be seen in (iii) and (iv).

Finally, we denote the set of all functions from X to Y by Funct(X,Y).
Because of Remark 3.1, Funct(X,Y") is a subset of P(X x Y). For Funct(X,Y)
we write also Y. This is consistent with the notation X™ for the n'® Cartesian

product of the set X with itself, since this coincides with the set of all functions
from {1,2,...,n} to X. If U CY CV, then

Funct(X,U) C Funct(X,Y) C Funct(X,V) (3.2)

where we have used the conventions of Example 3.2(f).

Exercises
1 Prove Proposition 3.6.
2 Prove Proposition 3.8 and show that the given inclusions are, in general, proper.

3 Let f: X =Y and g: Y — V be functions. Show the following:
(a) If f and g are injective (surjective), then so is g o f.

(b) fis injective <= Ih: Y — X such that ho f =idx.

(c) f is surjective <= 3h: Y — X such that foh =idy.

4 Let f: X — Y be a function. Show that the following are equivalent:
a) f is injective.

(

(b) F'(f(A) =4, ACXKX.

(c) F(ANB) = f(A)N f(B), A, BCX.

5 Determine the fibers of the projections pry,.

6 Prove that, for each nonempty set X, the function
P(X)_>{071}X ) A'_)XA
is bijective.

7 Let f: X — Y be a function and 7: A — X the inclusion of a subset A C X in X.
Show the following:

(a) flA=foi.
(b) (f1A)7H(B)=Anf~"(B), BCY.
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4 Relations and Operations

In order to describe relationships between elements of a set X it is useful to have a
simple set theoretical meaning for the word ‘relation’: A (binary) relation on X is
simply a subset R C X x X. Instead of (z,y) € R, we usually write xRy or x 2y

A relation R on X is reflexive if xRx for all z € X, that is, if R contains the
diagonal
Ax:={(z,2);z€X}.

It is transitive if
(xRy) A (yRz) = xRz .

If
zRy = yRx
holds, then R is symmetric.

Let Y be a nonempty subset of X and R a relation on X. Then the set
Ry == (Y xY)NR is a relation on Y called the restriction of R to Y. Obvi-
ously xRyy if and only if z,y € Y and xRy. Usually we write R instead of Ry
when the context makes clear the set involved.

Equivalence Relations

A relation on X which is reflexive, transitive and symmetric is called an equivalence
relation on X and is usually denoted ~ . For each z € X, the set

2] ={yeX;y~a}

is the equivalence class of (or, containing) z, and each y € [z] is a representative
of this equivalence class. Finally,

X/~ ={[z]; z€X},

‘X modulo ~’, is the set of all equivalence classes of X. Clearly X/~ is a subset
of P(X).

A partition of a set X is a subset A C P(X)\{0} with the property that,
for each x € X, there is a unique A € A such that x € A. That is, A consists of
pairwise disjoint subsets of X whose union is X.

4.1 Proposition Let ~ be an equivalence relation on X. Then X/~ is a partition
of X.

Proof Since z € [z] for all x € X, we have X = |J,.y[z]. Now suppose that
z € [z]N[y]. Then z ~ x and z ~ y, and hence = ~ y. This shows that [z] = [y].
Hence two equivalence classes are either identical or disjoint. m
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It follows immediately from the definition that the function
pi=px: X —=X/~, z~ ]
is a well defined surjection, the (canonical) quotient function from X to X/~.

4.2 Examples (a) Let X be the set of inhabitants of London. Define a relation
on X by x ~ y :<= (x and y have the same parents). This is clearly an equivalence
relation, and two inhabitants of London belong to the same equivalence class if
and only if they are siblings.

(b) The ‘smallest’ equivalence relation on a set X is the diagonal Ay, that is, the
equality relation.

(c) Let f: X — Y be a function. Then

v~y = f(z) = fy)

is an equivalence relation on X. The equivalence class of z € X is [z] = f~!(f(z)).

Moreover, there is a unique function fsuch that the diagram

f

N

is commutative. The function fiS injective and im(f) = im(f). In particular, fis
bijective if f is surjective.

X Y

(d) If ~ is an equivalence relation on a set X and Y is a nonempty subset of X,
then the restriction of ~ to Y is an equivalence relation on Y. m

Order Relations

A relation < on X is a partial order on X if it is reflexive, transitive and anti-
symmetric, that is,
@<yAly<z)=az=y.

If < is a partial order on X, then the pair (X, <) is called a partially ordered
set. If the partial order is clear from context, we write simply X for (X, <) and
say X is a partially ordered set. If, in addition,

Ve,ye X: (x<y)V(y<a),

then < is called a total order on X and (X, <) is a totally ordered set.
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4.3 Remarks (a) The following notation is useful:

r>y:=y<zw,
r<y:= (@ <y A(@#y),
rT>yYy<=y<cx.

(b) If X is totally ordered, then, for each pair of elements z,y € X, exactly one
of the following is true:

r<y, T=Y, T>Y.

If X is partially ordered but not totally ordered, then there are at least two ele-
ments x,y € X which are incomparable, meaning that neither x < y nor y < z is
true. m

4.4 Examples (a) Let (X, <) be a partially ordered set and Y a subset of X.
Then the restriction of < to Y is a partial order.

(b) (P(X),C) is a partially ordered set and C is called the inclusion order
on P(X). In general, (P(X),C) is not totally ordered.

(c) Let X be a set and (Y, <) a partially ordered set. Then
[<g:= flx)<g(x), z€X,

defines a partial order on Funct(X,Y"). The set Funct(X,Y) is not, in general,
totally ordered, even if Y is totally ordered. m

Convention Unless otherwise stated, P(X), and by restriction, any subset
of P(X), is considered to be a partially ordered set with the inclusion order
as described above.

Let (X,<) be a partially ordered set and A a nonempty subset of X. An el-
ement s € X is an upper bound of A if a <s for all a € A. Similarly, s is a
lower bound of A if a > s for all a € A. The subset A is bounded above if it
has an upper bound, bounded below if it has a lower bound, and simply bounded
if it is bounded above and below.

An element m € X is the maximum, max(A), of A if m € A and m is an
upper bound of A. An element m € X is the minimum, min(A), of Aif m € A and
m is a lower bound of A. Note that A has at most one minimum and at most one
maximuim.
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Let A be a subset of a partially ordered set X which is bounded above. If the
set of all upper bounds of A has a minimum, then this element is called the least
upper bound of A or supremum of A and is written sup(A), that is,

sup(4) := min{ s € X ; s is an upper bound of 4} .
Similarly, for a nonempty subset A of X which is bounded below we define
inf(A) := max{s € X ; s is a lower bound of A} ,

and call inf(A), if this element exists, the greatest lower bound of A or infimum
of A. If A has two elements, A = {a, b}, we often use the notation a V b := sup(A)
and a A b:=inf(A).

4.5 Remarks (a) It should be emphasized that a set which is bounded above
(or below) does not necessarily have a least upper (or greatest lower) bound (see
Example 10.3).

(b) If sup(A) and inf(A) exist, then, in general, sup(A4) ¢ A and inf(A) ¢ A.

(c) If sup(A) exists and sup(A) € A, then sup(A) = max(A). Similarly, if inf(A4)
exists and inf(A) € A, then inf(A) = min(A).

(d) If max(A) exists then sup(A) = max(A). Similarly, if min(A) exists then
inf(A) = min(A). m

4.6 Examples (a) Let A be a nonempty subset of P(X). Then

sup(A)=JA, inf(A)=NA.

(b) Let X be a set with at least two elements and X := P(X)\{0} with the
inclusion order. Suppose further that A and B are nonempty disjoint subsets of X
and A:={A,B}. Then AC X and sup(A) = AU B, but A has no maximum,
and A is not bounded below. In particular, inf(.A) does not exist. m

Let X := (X, <) and Y := (Y, <) be partially ordered sets and f: X - Y
a function. (Here we use the same symbol < for the partial orders on both X
and Y.) Then f is called increasing (or decreasing) if z < y implies f(x) < f(y) (or
f(@) > f(y)). We say thatf is strictly increasing (or strictly decreasing) if = < y
implies that f(z) < f(y) (or f(x) > f(y)). Finally f is called (strictly) monotone
if f is (strictly) increasing or (strictly) decreasing.

Let X be an arbitrary set and Y := (Y, <) a partially ordered set. A function
f: X =Y is called bounded, bounded above or bounded below if the same is
true of its image im(f) = f(X) in Y. If X is also a partially ordered set, then f is
called bounded on bounded sets if, for each bounded subset A of X, the restriction
f]A is bounded.
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4.7 Examples (a) Let X and Y be sets and f € YX. Proposition 3.8 says that
the induced functions f: P(X) — P(Y) and f~!: P(Y) — P(X) are increasing.

(b) Let X be a set with at least two elements and X := P(X)\{X} with the
inclusion order. Then the identity function X — X', A — A is bounded on bounded
sets but not bounded. =

Operations

A function ® : X x X — X is often called an operation on X. In this case we write
2 ® y instead of ®(x,y). For nonempty subsets A and B of X we write A ® B for
the image of A x B under ® , that is,

A®B={a®b;acA beB}. (4.1)

If A= {a}, we write a ® B instead of A® B. Similarly A®@b={a®b; ac A}.
A nonempty subset A of X is closed under the operation ® ,if A ® A C A, that
is, if the image of A X A under the function ® is contained in A.

4.8 Examples (a) Let X be a set. Then composition o of functions is an operation
on Funct(X, X).

(b) U and N are operations on P(X). m

An operation ® on X is associative if
t@®(y®z)=(r®Y)®2, TY2€X, (4.2)

and ® is commutative if t ® y =y ® x for z,y € X. If ® is associative then the
parentheses in (4.2) are unnecessary and we write simply 2 ® y ® z.

4.9 Examples (a) By Proposition 3.3, composition is an associative operation
on Funct(X, X). It may not be commutative (see Exercise 3).

(b) U and N are associative and commutative on P(X). m

Let ® be an operation on the set X. An element e € X such that
eRr=r®e=u1z, reX,
is called an identity element of X (with respect to the operation ® ).
4.10 Examples (a) idx is an identity element in Funct(X, X) with respect to
composition.

(b) 0 is an identity element of P(X) with respect to U. X is an identity element
of P(X) with respect to N.



1.4 Relations and Operations 27

(c) Clearly X := P(X)\{0} contains no identity element with respect to U when-
ever X has more than one element. m

The following proposition shows that an identity element is unique if it exists
at all.

4.11 Proposition There is at most one identity element with respect to a given
operation.

Proof Let e and €' be identity elements with respect to an operation ® on a
set X. Then, directly from the definition, we have e =e® ¢ =¢'. m

4.12 Example Let ® be an operation on a set Y and X a nonempty set. Then
we define the operation on Funct(X,Y") induced from & by

(fog(x):=fx)®glx), zeX.

It is clear that © is associative or commutative whenever the same is true of & .
If Y has an identity element e with respect to ® , then the constant function

X—-Y, THe

is the identity element of Funct(X,Y) with respect to & . Henceforth we will
use the same symbol ® for the operation on Y and for the induced operation
on Funct(X,Y’). From the context it will be clear which function the symbol rep-
resents. We will soon see that this simple and natural construction is extremely
useful. Important applications can be found in Examples 7.2(d), 8.2(b), 12.3(e)
and 12.11(a), as well as in Remark 8.14(b). m

Exercises

1 Let ~ and ~ be equivalence relations on the sets X and Y respectively. Suppose
that a function f € Y is such that = ~ y implies f(z) ~ f(y) for all z,y € X. Prove
that there is a unique function f. such that the diagram below is commutative.

f
X

Y

pPx Py

e
X/~

Y/

2 Verify that the function f of Example 4.7(b) is not bounded.

3 Show that composition o is not, in general, a commutative operation on Funct(X, X).



28 I Foundations

4 An operation ® on a set X is called anticommutative if it satisfies the following:
(i) There is a right identity element r := rx, thatis, Ire X: z@®r =2z, z € X.
(i) z@y=r<=(z0@y)®(ydz)=r<=c=yforalzyecX.
Show that, whenever X has more than one element, an anticommutative opera-

tion ® on X is not commutative and has no identity element.

5 Let ® and ® be anticommutative operations on X and Y respectively. Further, let
[ X =Y satisfy

firx)=rv, flx®y) =flx)o fy), r,yeX .

Prove the following:
(a) z ~y <= f(z ® y) = ry defines an equivalence relation on X.
(b) The function
Fi X/~ =Y, [a] f(2)
is well defined and injective. If, in addition, f is surjective, then f is bijective.
6 Let (X, <) be a partially ordered set with nonempty subsets A, B, C and D. Suppose

that A and B are bounded above and C' and D are bounded below. Assuming that the
relevant suprema and infima exist, prove the following:

(a) sup(A U B) = sup{sup(A),sup(B)}, inf(C U D) = inf{inf(C),inf(D)}.
(b) If A C B and C C D, then

sup(A) < sup(B) and inf(C) > inf(D) .
(c) If AN B and C' N D are nonempty, then
sup(A N B) < inf{sup(A),sup(B)} , inf(C'N D) > sup{inf(C),inf(D)} .

(d) In (a), the claim that sup(A U B) = sup{sup(A),sup(B)} cannot be strengthened to
sup(A U B) = max{sup(A),sup(B)}.
(Hint: Consider the power set of a nonempty set.)

7 Let R be a relation on X and S a relation on Y. Define a relation R x S on X xY
by

(z,9)(R x S)(u,v) <= (zRu) A (ySv)
for (z,y),(u,v) € X x Y. Prove that, if R and S are equivalence relations, then so is
RxS.
8 Show by example that the partially ordered set ('P (X)), g) may not be totally ordered.

9 Let A be a nonempty subset of P(X). Show that sup(A) =J.A and inf(A) =) A
(see Example 4.6(a)).
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5 The Natural Numbers

In 1888, R. Dedekind published the book ‘Was sind and was sollen die Zahlen?’
(What are the numbers and what should they be?) [Ded95] about the set theoret-
ical foundation of the natural number system. It is a milestone in the development
of this subject, and indeed one of the high points of the history of mathematics.

Starting in this section with a simple and ‘natural’ axiom system for the nat-
ural numbers, we will construct in later sections the integers, the rational numbers,
the real numbers and finally the complex numbers. This constructive approach has
the advantage over the axiomatic formulation of the real numbers of D. Hilbert
1899 (see [Hil23]), that the entire structure of mathematics can be built up from a
few foundation stones coming from mathematical logic and axiomatic set theory.

The Peano Axioms

We define the natural numbers using a system of axioms due to G. Peano which
formalizes the idea that, given any natural number, there is always a next largest
natural number.

The natural numbers consist of a set N, a distinguished element 0 € N, and
a function v: N — N* := N\ {0} with following properties:

(No) v is injective.
(N1) If a subset N of N contains 0 and if v(n) € N for all n € N, then N = N.

5.1 Remarks (a) For n € N, the element v(n) is called the successor of n, and v is
called the successor function. The element 0 is the only natural number which is
not a successor of a natural number, that is, the function v: N — N* is surjective
(and, with (Np), bijective).

Proof Let
N:={neN; 3dn eN:v(n)=n}U{0} =im(v) U{0}.
For n € N we have v(n) € im(v) C N. Since also 0 € N, (Ni) implies that N = N. From
this it follows immediately that im(v) = N*. m
(b) Instead of 0,(0),v(v(0)),v(v((0))),... one usually writes 0,1,2,3,...

(c) Some authors prefer to start the natural numbers with 1 rather than with 0.
This is, of course, without mathematical significance.

(d) Axiom (Ny) is one form of the principle of induction. We discuss this important
principle more thoroughly in Proposition 5.7 and Examples 5.8. m

5.2 Remarks (a) We will later see that everything one learns in school about the arith-
metic of numbers can be deduced from the Peano axioms. Even so, for a mathematician,
two important questions arise: (1) Does there exist a system (N, 0, ) in which the Peano
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axioms hold? That is, is there a model for the natural numbers? (2) If so, how many
models are there? We briefly consider these questions here.

To simplify our discussion we introduce the following concept: A set M is called
an infinite system, if there is an injective function f: M — M such that f(M) C M.
Clearly the natural numbers, if they exist, form an infinite system. The significance of
such systems is seen in the following theorem proved by R. Dedekind: Any infinite system
contains a model (N, 0,v) for the natural numbers.

Thus the question of the existence of the natural numbers can be reduced to the
question of the existence of infinite systems. Dedekind gave a proof of the existence of
such systems which implicitly uses the ‘comprehension axiom’ introduced by G. Frege in
1893: For each property E of sets, the set

Mg :={x; x is a set which satisfies E }

exists. In 1901 B. Russell recognized that this axiom leads to contradictions, so called
antinomies. Russell chose for E the property ‘z is a set and z is not an element of itself’.
Then the comprehension axiom ensures the existence of the set

M:={z; (zisaset) A (z ¢ )} .
This clearly leads to the contradiction
MeM<M¢M.

It is no surprise that such antinomies shook the foundations of the set theory. Closer
inspection showed that such problems in set theory arise only when one considers sets
which are ‘too big’. To avoid Russell’s antinomy one can distinguish two types of collec-
tions of objects: classes and sets. Sets are special ‘small’ classes. If a class is a set, then
it can be described axiomatically. The comprehension axiom then becomes: For each
property E of sets, the class

Mg :={x ; x is a set which satisfies E }

exists. Then M = {z; (zisaset)A(z ¢ x)} is a class and not a set, and Russell’s
contradiction no longer occurs.

One needs, in addition, a separate axiom which implies the fact, which we have
already used many times, that For each set X and property E of sets,

{z; (e X)ANE@)}={zeX; E(x)} is a set.
For a more complete discussion of these questions we have to refer the reader to the

literature (for example, [FP85]).

Dedekind’s investigation showed that, to prove the existence of the natural numbers
in the framework of axiomatic set theory, one needs the Infinity Axiom: An inductive set
exists. Here an inductive set is a set N which contains ) and such that for all z € N,
zU{z} is also in N. Consider the set

N:=({m ; m is an inductive set } ,

and the function v : N — N defined by v(z) := zU{z}. Finally, set 0:= (. It can be
shown that N is itself an inductive set and that (N, 0, ) satisfies the Peano axioms. Thus
(N,0,v) is a model for the natural numbers.
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Now let (N',0’,2') be some other model of the natural numbers. Then, in the
framework of set theory, it can be shown that there is a bijection ¢ : N — N’ such that
©(0) =0" and pov =1 o, that is, ¢ is an isomorphism from (N,0,v) to (N',0',7/).
Thus, the natural numbers are unique up to isomorphism. It is thus meaningful to speak
of the natural numbers. For proofs and details, see [FP85].

(b) In the previous remark we have limited our discussion to the von Neumann-Bernays-
Gédel (NBG) axiom system in which the concept of classes is central. This concept can,
in fact, be completely avoided. For example, the equally popular Zermelo-Fraenkel set
theory with the axiom of choice (ZFC) does not require this concept. Fortunately, it can
be shown that both axiom systems are equivalent in the sense that in both systems the
same statements about sets are provable. m

The Arithmetic of Natural Numbers

Starting from the Peano axioms we can deduce all of the usual rules of the arith-
metic of the natural numbers.

5.3 Theorem There are operations addition + , multiplication - and a partial
order < on N which are uniquely determined by the following conditions:

(i) Addition is associative, commutative and has the identity element 0.

(ii) Multiplication is associative, commutative and has 1 := v(0) as its identity
element.

(iii) The distributive law holds:

(l+m) n=L-n+m-n, {,m,neN.

) 0-n=0and v(n) =n+1forneN.

(v) N is totally ordered by < and 0 = min(N).
) For n € N there isno k € N withn <k <n+ 1.
) For allm,n € N,

m<n <= 3deN :m+d=n,
m<n <= 3deN* :m+d=n.

The element d is unique and is called the difference of n and m, in sym-
bols: d :=n —m.
(viii) For all m,n € N,
m<n <= m+L<n+f, LeN,
m<n < m+{l<n+f, LeN.

(ix) For allm,n € N*, m-n € N*.
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(x) For allm,n € N,

m<n < m-£<n-{, LN,
m<n < m-£<n-{, {LcN*.

Proof We show only the existence and uniqueness of an operation + on N, such
that (i) and
n+v(m)=v(n+m), n,m €N, (5.1)

are satisfied. For the remaining claims we recommend the book [Lan30]. The proofs
are elementary. The main difficulty for beginners is to avoid using facts from ordinary
arithmetic before they are derived from the Peano axioms. In particular, at the beginning,
0 and 1 are simply certain distinguished elements of a set N, and have nothing to do with
the numbers 0 and 1 as we usually think of them.

(a) Suppose first that ® is a commutative operation on N such that
0®0=0, n®l=v(n) and n®v(m)=v(n®m), n,m €N . (5.2)

Consider the set
N:={neN;O0@n=n}.

Clearly 0 is in N. If n is in N then 0 ® n = n, and hence, from (5.2),
0®v(n)=v(0®n)=r(n).
Thus v(n) is also in N. From (N;) we then have N = N, that is,

O®n=n, neN. (5.3)

(b) Suppose that ® is another commutative operation on N which also satisfies
(5.2), that is,

0060=0, ne®l=v(n) and nev(m)=v(nem), n,m €N . (5.4)

For an arbitrary, but fixed, n € N, set
M:={meN; me&n=mon}.
Just as in (a), it follows from (5.4) that 0 ® n = n. From (5.3) we get 0@ n=n =00 n,
that is, 0 € M. Now suppose that m is in M. Then m ® n = m ® n and hence, from (5.2)
and (5.4),
vim)@n=n®v(m)=vim@®n)=vimen)=noevim)=v(m)en .

Thus v(m) is also in M. The axiom (N;) implies that M = N. Since n € N was arbitrary,

we have shown that m ® n = m @ n for all m,n € N. Consequently there is at most one
commutative operation ® : N x N — N which satisfies (5.2).
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(c) We construct next an operation on N with the property (5.1). Define

N:={neN;3p,: N— N with ¢,(0) = v(n)
and @n (v(m)) = v(pn(m)) VmeN} .

Setting ¢ := v we see that 0 € N. Let n € N. Then there is a function ¢, : N — N such
that ¢, (0) = v(n) and ¢, (v(m)) = v(pn(m)) for all m € N. Define

¥:N=N, mev(pa(m) .
Then (0) = v(n(0)) = v(v(n)) and also
Y(v(m)) =v(en(v(m) = v(v(pn(m))) =v(¥(m)), meN.
Thus we have shown that n € N implies v(n) € N. Once again, (N1) implies N = N.

(5.5)

We show further that, for each n € N, the function ¢, in (5.5) is unique. For n € N,
suppose that ¢, : N — N is a function such that
a0) =v(n) and  u(v(m)) = v(Ea(m) . meN,
and define
M, = {mGN; on(m) :wn(m)} .
From ¢,(0) = v(n) = 1, (0) we deduce that 0 € M,. If m € M,, then it follows that

on(v(m)) = v(en(m)) = v(¢Yn(m)) = ¥n(v(m)). Thus v(m) is also in M,. The ax-
iom (N1) implies that M, = N, which means that @, = ¥n.

We have therefore shown that for each n € N there is exactly one function
¢n: N — N such that ¢, (0) = v(n) and @n(v(m)) = v(en(m)) , meN.

Now we define

n, m

0,
(pn(m/) ) m=v

(m') .

Because of Remark 5.1(a), + is a well defined operation on N which satisfies (5.1). Also

(5.6)

+:NxN—->N, (n,m)l—>n—|—m:={

n+0=n,
neN,
n+1=n4+v(0)=¢(0) =v(n)=v(n+0),

and

n+v(m) = pn(m) = on(v(m')) = v(pn(m’)) = v(n+m)
for all n € N, m € N* and m’ := v~ '(m). Thus we have shown the existence of an
operation + on N which satisfies (5.1). We have already shown that n + 0 = n for all
n € N. Together with (5.3) this implies that 0 is the identity element for + .

(d) We verify the associativity of addition. Let ¢,m € N be arbitrary and set
N:={neN; l+m)+n=~L0+(m+n)}.
Clearly 0 € N and, by (5.1), for all n € N we have
(+m)+vn)=v((l+m)+n)=v(l+(m+n)) =C+v(im+n)=L+ (m+v(n)) .

Hence n € N implies v(n) € N. Using axiom (N;) we conclude that N = N.
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(e) To prove the commutativity of addition, we consider first the set
N:={neN;n+1=1+n}.
This set certainly contains 0. For n € N it follows from (5.1) that
vin)+1=v(v(n)) =vin+1)=v(l+n)=1+v(n).
Thus v(n) € N, and (N;) implies N = N. Hence we know that
n+l=1+n, neN. (5.7)

Now we fix n € N and define

M:={meN;m+n=n+m}.
Once again 0 € M. For m € M we have from (d) and (5.7) that

=m+(1+n)=m+(n+1)
=(m+n)+1l=v(m+n)=vin+m)=n+v(m),

=
3
+
S

|
3
+
3

|

where in the last step we have used (5.1) again. Thus v(m) is in M, and from (N1) we have
M = N. Since n € N was arbitrary, we have shown that n +m = m + n forallm,n € N. m

Henceforth we use, without further comment, all of the familiar facts about
the arithmetic of natural numbers learned in school. For practice, the reader is
encouraged to prove a few of these, for example, 1 +1 =2, 2-2=4and 3-4 = 12.

As usual, we write mn for m - n, and make the convention that ‘multiplica-
tion takes precedence over addition’, that is, mn + k means (m - n) + k (and not
m(n + k)). Finally, the elements of N* are called the positive natural numbers.

The Division Algorithm

A simple consequence of Theorem 5.3(x) is the following cancellation rule:
Ifm,n € N and k € N* satisfy mk = nk, then m = n. (5.8)

We call m € N* a divisor of n € N if there is some k& € N such that mk = n. If m
is a divisor of n we write m|n (‘m divides n’). The unique natural number k is
called the quotient of n by m and is written X or n/m. If m and n are two positive
natural numbers then it is often true that m does not divide n or vice versa. The
following proposition, called the division algorithm, clarifies the general situation.
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5.4 Proposition For each m € N* and n € N, there are unique [,k € N such that

n=km+/{¢ and {<m.

Proof (a) We verify first the existence statement. Fix m € N* and set
N:={neN; Ik leN:n=km+{ (<m}.

Our goal is to prove that N = N. Clearly 0 is in N because 0 =0-m + 0 by
Theorem 5.3(i) and (iv). Now suppose that n € N. Then there are k, ¢ € N with
n =km + ¢ and £ < m from which followsn +1=km + ({ + 1). If £+ 1 < m then
n+ 11isin N. On the other hand, if £ + 1 = m, then, by Theorem 5.3(iii), we have
n+1=(k+1)m and so n+ 1 is again in N. Thus we have shown that 0 € N
and that n € N implies n + 1 € N. By induction, that is, by (N;), we conclude
that N = N.

(b) To prove uniqueness we suppose that there are m € N* and k, k', £,¢' € N
such that

km+e=kKm+/¢ and f<m, {<m. (5.9)
We can also assume that £ < ¢/, since the case ¢/ < £ would follow by symmetry.

From ¢ < ¢/ and (5.9) we have k'm + ¢/ = km + ¢ < km + ¢’ and hence k'm < km,
by Theorem 5.3(viii). Then, from Theorem 5.3(x), we get k' < k.

On the other hand, from ¢ < m we have the inequalities
km<km+{l=kKm+0 <km+m=Fk+1)m.

Here we have used (viii) and (iii) of Theorem 5.3. From (x) of the same theorem it
follows that k < k’ + 1. Together with k' < k we find that ¥’ < k < k' + 1, which,
because of Theorem 5.3(vi), is possible only if &k = &’. From k = &/, (5.9) and the
uniqueness claim of Theorem 5.3(vii) it follows that £ = ¢'. m

In the above proof we have made all references to Theorem 5.3 explicit. In
future discussion we will use these rules without reference.
The Induction Principle

We have already made considerable use of the induction axiom (N1). It is frequently
convenient to use this axiom in an alternative form, the well ordering principle.

5.5 Proposition The natural numbers N are well ordered, that is, each nonempty
subset of N has a minimum.
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Proof We prove this claim by contradiction. Suppose that A C N is nonempty
and has no minimum. Set

B:={neN; nislower bound of A} .

Clearly 0 € B. Now suppose that n € B. Since A has no minimum, n cannot be
in A, so we have, in fact, a > n for all a € A. This implies that a > n + 1 for all
a € A, that is, n+ 1 € B. Because of the induction axiom (N;) we have B = N.
But this implies that A = () because, if m € A, then m € N = B which means that
m is a lower bound and, hence a minimum element, of A, which is not possible.
We have therefore found the desired contradiction: A # ) and A =0. m

For an example of the use of the well ordering principle, we discuss the prime
factorization of natural numbers. We say that a natural number p € N is prime if
p > 2 and p has no divisors except 1 and p.

5.6 Proposition Except for 0 and 1, every natural number is a product of finitely
many prime numbers, its prime factors. Here ‘products’ with only one factor are
allowed. This prime factorization is, up to the order of the factors, unique.

Proof Suppose that the claim is false. By Proposition 5.5 there is a smallest
natural number ny which cannot be factored into prime numbers. In particular,
ng cannot be a prime number, so there are n,m € N with ng = n-m and n,m > 1.
This implies n < ng and m < ng. From the minimality of ng it follows that n
and m are each products of finitely many prime numbers, and hence ng =n-m
is also such a product. This contradicts our assumption, so we have we shown the
existence of a prime factorization for any natural number greater than 1.

To prove the uniqueness of prime factorizations we suppose, to the con-
trary, that there is a number with two different prime factorizations. Let p be
the least such number with prime factorizations p = pop1 -« Px = qoq1 - - qn. We
have p; # g; for all 7 and j, since any common factor could be divided out to give a
smaller natural number p’ with two different prime factorizations, in contradiction
to the choice of p.

We can suppose that pg <p; <---<pr and ¢ < q1 <--- < g, as well as

Po < qo- Set ¢ := poq1 - - ¢n. Then pg|q and pg|p, hence po| (p — ¢). Consequently
we have the prime factorization

P—q=por1---T¢

for some prime numbers rq, ..., .. Because p — ¢ = (g0 — po)q1 - - ¢n, the number
p — q is positive. Write go — pg as a product of prime numbers: qo — pg = to - - - ts.
Then

P—q=to---tsq1- " qn
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is a second prime factorization of p — ¢. It is clear that py does not divide gg — po.
Hence we have two prime factorizations of p — ¢, only one of which contains py.
Because 0 < p — ¢ < p, this contradicts the minimality of p. m

All of the proofs in this section have depended on the induction axiom (Nj)
either directly, or via the well ordering principle. This axiom is used so frequently
in mathematics that it is worthwhile formalizing ‘proof by induction’. For each
n € N, let A(n) be a statement. To prove by induction on n that A(n) is true for
each n € N, one uses the following procedure:

(a) Prove that A(0) is true.
(b) This step has two parts:
(o) Induction hypothesis: Suppose that A(n) is true for some n € N.

(8) Induction step (n — n + 1): Prove that A(n + 1) follows from («) and
other previously proved statements.

If (a) and (b) can be done, then A(n) is true for all n € N. To see this, let
N:={neN; A(n) is true } .

Then (a) implies that 0 € N, and from (b) we have that n € N impliesn+1 € N
for all n € N. It follows from (N;) that N = N.

In many applications it is useful to start the induction with some number
other than 0. This leads to a slight generalization of the above method.
5.7 Proposition (induction principle) Let ng € N and, for each n > ny, let A(n)
be a statement. If

(1) A(ng) is true, and

(ii) for each n > ng, A(n+ 1) can be proved from the assumption that A(n) is
true,

then A(n) is true for all n > ng.

Proof Set N :={n € N; A(n+ng) is true }. Then N = N follows from (N;) as
above. m

For m € N and n € N*, we write

n

m ::m.m.....m.
N—_————
n times

Using this notation we can give some simple applications of the induction principle.
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5.8 Examples (a) For n € N*, we have 1 +3+5+ -+ (2n — 1) = n?.

Proof (By induction) We can start the induction with ng = 1 since 1 =1-1 = 1%. The
induction hypothesis is

Suppose that for some n € N we have 1 +3 4+ 54 --- 4+ (2n — 1) = n”

The induction step proceeds as follows:
143454+ 2Mn+1)—1)=1+3+5+---+(2n+1)
=1434+5+---+2n—-1)+(2n+1)
=n"+2n+1.
Here we have used the induction hypothesis in the last step. Since n® + 2n + 1 = (n+ 1)2,

which follows easily from the distributive law (Theorem 5.3(iii)), we have completed the
induction step and hence proved the claim. m

(b) For all n € N with n > 5, we have 2" > n?.

Proof We start the induction with ng = 5 since 32 = 25 > 52 = 25. The induction hy-
pothesis is

Suppose, that for some n € N with n > 5, we have 2" > n? . (5.10)
The induction step can be done as follows: From (5.10) we have
2"t =2.9" > 2.0 =n’+n-n. (5.11)
Since n > 5, we have also n-n > 5n > 2n + 1. Together with (5.11), this implies
2" > on41=(n+1)>%

This completes the induction step and we have proved the claim. m

We formulate one more version of the induction principle which allows one
to assume that all of the statements A(k) for ng < k < n are true in proving the
induction step n — n + 1.

5.9 Proposition Let ng € N, and for each n > ng, let A(n) be a statement. If
(i) A(no) is true, and
(ii) for each n > ng, A(n+ 1) can be proved from the assumption that A(k) is
true for all ng < k <n,
then A(n) is true for all n > ny.

Proof Set
N:={neN; n>ngand A(n) is false }

and suppose that N # (). By the well ordering principle (Proposition 5.5), N has
a minimum element, m := min(N), which, by (i), satisfies m > ng. Thus there is a
unique n € N with n 4+ 1 = m. Further, it follows from our choice of m that A(k)
is true for all & € N such that ng < k < n. Then (ii) implies that A(n + 1) = A(m)
is true, a contradiction. m
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5.10 Example Let ® be an associative operation on a set X. Then the value of
any valid expression involving ® , elements of X and parentheses, is independent
of the placement of the parentheses. For example,

(a1 ®az) ® (azs ® aq) = ((a1 D az) ®az) ®as = a1 ® (a2 ® (ag ® aq)) .

Proof In this proof, K, always stands for some ‘expression of length n’, that is, an
expression consisting of n elements a1,...,a, € X, n — 1 operation symbols and an
arbitrary number of (correctly nested) parentheses, for example,

K7 := ((a1 ® a2) ® (a3 ® as)) ® ((as ® (as ® ar))) .
We will prove by induction on n that
Kn=("(t1®a)®as)® ) @an_1) ®an , neN.
For n = 3, the claim is true by definition of associativity. Our induction hypothesis is

Ki=((a1®a2) ®az) ®---) ® ax_1) ® ak
for all expressions K}, of length k € N with 3 < k < n.

Now let K, 1 have length n + 1. Then there are £,m € N* such that £ +m =n + 1 and
expressions Ky and K, such that K,11 = K; ® K,,. Now we have two cases:

Case 1: m =1. Then £ =n, K,, = an+1, and by the induction hypothesis,
Ki=((a1®a)®as) ) ®an .
Consequently,

Kpp = (("'((11 ®a2)®a3)"~)®an) ® An1 -

Case 2: m > 1. By the induction hypothesis, K, can be written in the form
K = Km—1 ® Gn+1, and so

Knt1 =K ® (Km-1® ant1) = (Ke ® K1) ® ang1 -
But K, ® K,,—1 is an expression of length n, so, by the induction hypothesis again,
Ki®Km1=( (a1 ®a2) ®as) ) ®an .

This implies
Knp = ((~~~(a1 ® az) ®az)---) ®an) ® an+1 ,

completing the induction step. m

Recursive Definitions

We come now to a further application of induction: recursive definitions. Its sig-
nificance will be made clear in the examples at the end of this section.
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5.11 Proposition Let X be a nonempty set and a € X. For each n € N*, let
V,,: X™ — X be a function. Then there is a unique function f: N — X with the
following properties:

() £(0)=a.
(i) f(n+1) = Via (f0), FQ)..... f(m), neN.

Proof (a) We show first, using induction, that there can be at most one such
function. Let f,g: N — X be such that f(0) = g(0) = a and

cN. 5.12
g(n+1) = Vi1 ((0), " (5:12)

)

(0

f(n+1):%+1(f (0), n) ,
")
g(n

We want to show that f =g, that is, f(n) = g(n) for all n € N. The condition
f(0) = g(0) (= a) starts the induction. For the induction hypothesis we assume
that f(k) = g(k) for 0 < k <n. From (5.12) it follows that f(n+ 1) =g(n +1).
From Proposition 5.9 we have that f(n) = g(n) for all n € N, that is, f =g.

(b) We turn to the existence of the function f. We first claim that, for each
n € N, there is a function f,: {0,1,...,n} — X such that

fn(o) =a,
fn(k) = fi(k)
fn(k + 1) = ‘/kJrl (fn(0)> [ fn(k)) )
Once again, the proof of this claim uses induction. Clearly the claim is true for

n = 0 since there are no k£ € N with 0 < k£ < 0. To do the induction step n — n + 1,
define

0<k<n.

fn(k) 0<k<n,
V;Hrl(fn(o)vvfn(n)) ) k=n+1.

By the induction hypothesis,

Funalh) = {

foi1(k) = fulk) = fu(k),  keN, 0<k<n, (5.13)

and, together with (5.13), we have

= %+1(fn+1(0)7 ceey fnJrl(k))

for 0 < k 4+ 1 < n, and hence

frp1(n+1) = Vo (fn(o)a . -afn(n)) = Vn+1(fn+1(0)v .- ~7fn+1(n)) .

This completes the induction step and proves the existence of the functions f, for
all n € N.
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(c) After these preliminary steps we finally define f: N — X by

a, n=20,

fiN—=X, f(n):{fn<n)7 neN<

Because of the properties of the functions f,, proved in (b), we have

fn+1) = farri(n+1) = Vo1 (far1(0), ., fura(n))
= V’;H-l(fo(o)? R fn(n))
:‘/n—i-l(f(o)aaf(n)) .

This completes the proof. m

5.12 Example Let ® be an associative operation on a set X and x, € X for all
k € N. For each n € N, define

@xk =20 0T OOy . (5.14)
k=0

This definition is not complete unless we explain the meaning of the three dots on
the right. This is accomplished most easily using a recursive definition. Thus, for
n € N*, let

Vn:Xn*)Xv (y07"'7yn—1)'_>yn—1®xn~

By Proposition 5.11, there is a unique function f: N — X such that f(0) =z
and

f(n):Vn(f(O),...,f(n—l)):f(n—l)@a?n, neN* .

Now define (O}_, xx := f(n) for n € N. From this definition we get the recursion

rules
0 n n—1
X
@xk:xo, @xk:@kaxn, neN* |
k=0 k=0 k=0

which justify the notation of (5.14). m

When we use the symbol + or - for an associative operation on a set X, then
we will call + an addition and - a multiplication on X. For sums and products
we use the usual notation

n n
g Tpi=xo+x1+--+z, and Hmk::xo-xl-----xn.
k=0 k=0

Note that the order is significant since the operation may not be commutative.
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5.13 Remarks (a) Sums and products are independent of the choice of index,

that is,
n n n n
Zxk:ij and kazl_[xj.
k=0 j=0 k=0 j=0

If addition + and multiplication - are commutative, we have

n

n n n
Z TR = Z To(j) and H Tk = H Lo (j)
=0 k=0 §=0

k=0

for any permutation o of the numbers 0, ..., n, that is, for any bijective function
c:40,...,n} —{0,...,n}.

(b) Let + and - be associative and commutative operations on X which satisfy
the distributive law (x +y) -z =z -2+ y -z for z,y,z € X. Then the following
hold:

n

(a) zn:ak + zn: b, = Z(ak + bk)
k=0 k=0

k=0

B) T ax-I]0x =[] (ar - bs)-
k=0 k=0 k=0

(M D e b= > (a;-by).
J=0 k=0 %éJkST':

The right hand side of (v) is the sum of the terms a; - by, for all possible 0 < j <m
and 0 < k < n. These rules can be proved using induction — a job we leave to the
reader. m

5.14 Examples (a) For a further use of a recursive definition consider a nonempty
set X and an associative operation ® on X with identity element e. For a € X

define

a=e, "M=d"®a, neN.

From Proposition 5.11 it follows that a™, the n'® power of a, is defined for all
n € N. Clearly a' = a as well as

e"=e, ad"®a"=a"t", ()" =d"", n,méeN. (5.15)
If @ and b commute, that is, a ® b = b ® a, then
a"®b" = (a®b)", neN.

If the operation is commutative and written using additive notation, then the
identity element is denoted by 0x or simply 0 when there is no chance of confusion.
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In the commutative case we define recursively
0-a:=0x, (n+1)-a:=Mm-a)+a, neN, aeX,

and call n - a, n times a. Then

n
n-a:E a=a+ +a, n €N |
————
k=1 n terms

and the rules in (5.15) become
n-0x=0x, n-a+m-a=n+m)-a, m-(n-a)=(mn)-a
and
n-a+n-b=n-(a+b)
for a,b € X and m,n € N.
Once again we leave the simple proofs of these statements to the reader.
(b) Define a function N — N, n — n!, the factorial function, recursively by
ol:=1, (n+Dl:=Mnm+1n!, neN.
It is not difficult to see that n!=T]}_, k for n € N*. Note that the factorial
function grows very quickly:
=1, 1'=1, 21=2, 3!'=6, 4=24, ., 10!>3,628,000 ...,
100! >9-10%7 | ..., 1,000! > 4-102%7 | ..., 10,000! > 21035659

In Chapter VI we derive a formula which can be used to estimate this rapid
growth. m

Exercises

1 Provide complete proofs for the rules in Remark 5.13(b) and the rules of exponents
in Example 5.14(a).

2 Verify the following equalities using induction:
(a) Yop_ok=n(n+1)/2, neN.
(b) Yr_ok*=n(n+1)(2n+1)/6, n€N.

3 Verify the following inequalities using induction:

(a) For all n > 2, we have n +1 < 2".
(b) If @ € N with a > 3, then a™ > n? for all n € N.

4 Let A be a set with n elements. Show that P(A) has 2" elements.
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5 (a) Show that m!(n —
Hint: (n

m)! divides n! for all m,n € N with m < n.
+D!=nln+1—-—m)+nlm.)

(
(b) For m,n € N, the binomial coefficient (") € N is defined by

m<n,

n!

0, m>n.

Prove the following:
() () + () =), 1<m<n

i)
(iil) Y o(7) =2
(iv) ZiLo (") = (M)

I Foundations

Remark The formula (ii) makes calculating small binomial coefficients easy when they
are written down in the form of a Pascal triangle. In this triangle, the symmetry (i) and

the equation (iv) are easy to see.

Q
v
Ay N
4
n = 1 A R
4
n=1 1 1 S %
7
n= 1 2 1 A N
v
=3 1 3 3 1 A %
4
n=4 1 4 6 4 1 A
——
n=>5 1 5 10 10 5 1

6 Simplify the sum

n

S(m,n) =

k k

k=0

for m,n € N. (Hint: For 1 < j < £ we have (f) —( -t

Z[<m+n+k>2n+1,ki <m+n+k+1>2n,

]—1) = (2;1) - 2(,7'f1

|

)-)

7 Let p € N with p > 1. Prove that p is a prime number if and only if, for all m,n € N,

p|mn = (p|m or p|n) .
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8 (a) Let n € N*. Show that none of the n consecutive numbers
m++2,(n+1)!+3,...,(n+ D!+ (n+1)

is prime. Hence there are arbitrarily large gaps in the set of prime numbers.

(b) Show that there is no greatest prime number.
(Hint: Suppose that there is a greatest prime number and let {po, ..., pm} be the set of
all prime numbers. Consider ¢ :=po - -+ - pm + 1.)

9 The famous American mathematician M.I. Stake has finally found a mathematical
proof of Thomas Jefferson’s assertion that ‘all men are created equal’:

Proposition If M is a finite set of men and a,b € M, then a and b are equal.

Proof We prove the claim by induction on the number of men in M:
(a) If M contains exactly one man, then the claim is obviously true.

(b) Induction step: Suppose that the claim is true for all sets of n men. Let M be a set
containing n + 1 men and let a and b be two men in M. We will show that a and b are
equal. Let M, = M \ {a} and My = M \ {b}. These sets contain n men each. Let ¢ be in
the intersection of M, and M. Since a,c € My, the induction hypothesis implies that a
and c are equal. Similarly, since b,c € M,, we have that b and ¢ are equal. The claim
then follows from the transitivity of equality. m

What is wrong with this proposition?
10  Show that 7 divides 1+ 23" 42" for all n € N.

11 Fix some g € N with g > 2. Show that each n € N* can be written in the form
Z .
n=3 g’ (5.16)
§=0
where y, € {0,...,9—1} for k € {0,...,¢} and y, > 0. Show further that the expres-

sion (5.16) is unique, that is, if n = 377" 2;g" with 2z, € {0,...,g9 — 1} for k € {0,...,m}
and z,, > 0, then £ = m and yy = z, for k € {0,...,¢}.
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6 Countability

In the previous section we saw that ‘infinite sets’ are necessary for the construction
of the natural numbers. However, the bijection N — 2N, n +— 2n, which suggests
that there are exactly as many even numbers as natural numbers, encourages
caution in dealing with infinity. How can there be room for the odd numbers
1,3,5,... in N? In this section we consider the concept of infinity again, and, in
particular, we show that there is more than one kind of infinity.

A set X is called finite, if X is empty or if there are n € N* and a bijection
from {1,...,n} to X. If a set is not finite, it is called infinite.

6.1 Examples (a) The set N is infinite.

Proof Suppose, to the contrary, that N is finite. Since N is nonempty, there is a bijec-
tion ¢ from N to {1,...,m} for some m € N*. Thus ¢ := ¢|{1,...,m} is an injection
from {1,...,m} to itself, and so, by Exercise 1, a bijection. Since p(m + 1) € {1,...,m}
there is, in particular, some n € {1,...,m} such that p(n) =¥ (n) = p(m + 1). But this
contradicts the injectivity of . m

(b) It is not difficult to see that any infinite system as in Remark 5.2(a) is an
infinite set (see Exercise 2). m

The above discussion suggests that the ‘size’ of a finite set X can be deter-
mined by counting, that is, with a bijection from {1,...,n} to X. For infinite sets,
of course, this idea will not work. Nonetheless it is very useful to define Num(X)
for both infinite and finite sets by

0, X=0,
Num(X):=4¢ n, n € N* and a bijection from {1,...,n} to X exists ,
00 X is infinite .!

)

If X is finite with Num(X) = n € N, then we say that X has n elements or
that X is an n element set.

6.2 Remark If m,n € N* and ¢ and v are bijections from X to {1,...,m} and
{1,...,n} respectively, then ¢ o1~! is a bijection from {1,...,n} to {1,...,m},
and it follows from Exercise 2 that m = n. Thus the above definition makes sense,
that is, Num(X) is well defined. m

I'The symbol oo (‘infinity’) is not a natural number. Tt is nonetheless useful to (par-
tially) extend addition and multiplication on N to N:=NU{co} using the conventions
n+oo:=oco+mn:=oo0 for all n €N, and n- oo :=o0o0-n:= oo for n € N* U{oo}. Further, we

define n < oo for all n € N.
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Permutations

Let X be a finite set. A bijective function from X to itself is called a permutation
of X. (Note that, by Exercise 1, an injective function from X to itself is necessarily
bijective too.) We denote the set of all permutations of X by Sx.

6.3 Proposition If X is an n element set, then Num(Sx) = n!. That is, there are
n! permutations of an n element set.

Proof We consider first the case when X = (). Then there is a unique function
(): 0 — 0. This is function is bijective? so the claim is true this case.

We prove the case n € N* by induction. Since Sx = {idx} for any one ele-
ment set X, we can start the induction with ng = 1. The induction hypothesis is
that for each n element set X, we have Num(Sx) = n!.

Now let Y ={aj,...,ant1} be an (n+ 1) element set. In view of the in-
duction hypothesis, there are, for each j € {1,...,n + 1}, exactly n! permutations
of Y which send a; to a;. So in total (see Exercise 5) there are (n + 1)n! = (n + 1)!
permutations of Y. m

Equinumerous Sets

Two sets X and Y are called equinumerous or equipotent, written X ~ Y, if there
is a bijection from X to Y. If M is a set of sets then ~ is clearly an equivalence
relation on M (see Proposition 3.6).

A set X is called countably infinite if X ~ N, and we say X is countable if
X ~ Nor X is finite. Finally, X is uncountable if X is not countable.

6.4 Remark If X ~ N then it follows from Example 6.1(a) that X is not finite.
Thus a set cannot be both finite and countably infinite. m

Of course, the set of natural numbers is countably infinite. More interest-
ing is the observation that proper subsets of countably infinite sets can them-
selves be countably infinite, as the example of the set of even natural numbers
2N = {2n; n € N} shows. In the other direction, we will meet, in the next sec-
tion, countably infinite sets which properly contain N.

Before we investigate further the properties of countable sets, we show the
existence of uncountable sets. To that end we prove the following fundamental
result due to G. Cantor.

2This is vacuously true since none of the conditions in the definition of bijective is ever tested.
The real intention here is not to make m = 0 a special case, thus avoiding cumbersome case
distinctions in upcoming proofs.
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6.5 Theorem There is no surjection from a set X to P(X).
Proof For a function ¢: X — P(X), consider the subset
A={zeX;z¢qk)}

of X. We show that A is not in the image of ¢. Indeed if y € X with ¢(y) = A,
then either y € A and hence y ¢ ¢(y) = A, a contradiction, or y ¢ A = p(y) and
so y € A which is also a contradiction. This shows that ¢ is not surjective. m

An immediate consequence of this theorem is the existence of uncountable
sets.

6.6 Corollary P(N) is uncountable.

Countable Sets

We now return to countable sets and prove some seemingly obvious propositions:

6.7 Proposition Any subset of a countable set is countable.

Proof (a) Let X be a countable set and A C X. We are done if A is finite (see
Exercise 9), so we can assume that A is infinite, in which case X must be countably
infinite. That is, there are a bijection ¢ from X to N and a bijection v := ¢|A
from A to ¢(A). Therefore we can assume, without loss of generality, that X = N
and A is an infinite subset of N.

(b) We define recursively a function a.: N — A by
a(0) :=min(A) , a(n+1):=min{meA; m>a(n)}.

Because of Proposition 5.5 and the supposition that Num(4) = oo, a: N — A is
well defined. It is clear that

an+1)>a(n), an+1l)>an)+1, neN. (6.1)

(¢) We have a(n + k) > a(n) for n € N and k € N*. This follows easily from
the first inequality of (6.1) by induction on k. In particular, « is injective.

(d) We verify the surjectivity of «. First we prove by induction that

a(m)>m, meN. (6.2)

For m = 0, this is certainly true. The induction step m — m + 1 follows from the
second inequality of (6.1) and the induction hypothesis,

am+1)>am)+1>m+1.
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Now let ng € A be given. We need to find some mg € N such that a(mg) = no.
Consider the set B :={m € N; a(m) > ng }. Because of (6.2), B is not empty.
So there exists, by Proposition 5.5, some myg := min(B). If mg = 0, then

min(A4) = «(0) > ng > min(4) ,

and hence ng = «(0). So we can suppose that ng > min(A) and so mg € N*. But
then a(mo — 1) < ng < a(myp) and, by the definition of «, we have a(mg) =np. m

6.8 Proposition A countable union of countable sets is countable.

Proof For each n € N, let X,, be a countable set. By Proposition 6.7, we can
assume that the X,, are countably infinite and pairwise disjoint. Thus we have
Xy ={zni ; k€ N} with z,  # x,,; for k # j, that is, x,, j is the image of k € N
under a bijection from N to X,. Now we order the elements of X := UZOZO X, as
indicated by the arrows in the ‘infinite matrix’ below. This induces a bijection
from X to N.

8

,0 0,1 —» 20,2 20,3 —» 20,4

12/$13/

2,2

— - O

°

AVRAVAVR

8

1,1 X

8

2,1

AVRNA

3,1

We leave to the reader the task of defining this bijection explicitly. m

6.9 Proposition A finite product of countable sets is countable.

Proof Let X;, j =0,1,...,n becountable sets, and X := H;'L:o X ;. By definition
X = (H;:Ol X j) X X, so it suffices to consider the case n = 1. Thus we suppose
X = Xy x X3 with Xy and X; countably infinite. Write Xy = {yx ; k¥ € N} and
X1 ={2zx; ke N}, and set x5 = (y;,2,) for j, k € N. Using this notation we
have X ={xj;; j,k € N} and so we can use (6.3) again to define a bijection
from X toN. m

Infinite Products

Proposition 6.9 is no longer correct if we allow ‘infinite products’ of countable
sets. To make this claim more precise, we need to explain first what an ‘infinite
product’ is. Suppose that { X, ; a € A} is a family of subsets of a fixed set.

Then the Cartesian product [] ., X. is defined to be the set of all functions
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©: A — Jyea Xa such that ¢(a) € X, for each o € A. In place of ¢ one often
writes { z, ; @ € A}, where, of course, z, 1= p(a).

In the special case that A = {1,...,n} for some n € N*, J] .a X, is clearly
identical to the product szl X which was introduced in Section 2. If X, = X
for each a € A, then we write X* :=[], . Xa-

6.10 Remark It is clear that [] ., Xo = 0 if one (or more) of the X, is empty. On the
other hand, even if X, # () for each o € A, it is not possible to prove that [] .\ Xa is
nonempty using the axioms of set theory we have seen so far. To do that one needs to
know that a function ¢ : A — (J_ ca Xo exists such that ¢(a) € X, for each o € A, that
is, a rule which chooses a single element from each set X,. To ensure that such a function
exists one needs the axiom of choice, which we formulate as follows: For any family of
sets { Xy ; a €A},

[[ Xa #0 = (Xa #0 VacA).

acA
In the following we will use this naturally appearing axiom without comment. Readers
who are interested in the foundations of mathematics are directed to the literature, for
example, [Ebb77] and [FP85]. m

Surprisingly, in contrast to Proposition 6.9, countably infinite products of
finite sets are, in general, not countable, as the following proposition shows.

6.11 Proposition ~ The set {0, 1}" is uncountable.

Proof Let A € P(N). Then the characteristic function x 4 is an element of {0, 1}V,
It is clear that the function

P(N) - {Ov 1}N ’ A XA (64)

is injective. For ¢ € {0, 1}, let A(p) := ¢ '(1) € P(N). Then xa(,) = ¢. This
shows that the function (6.4) is surjective. (See also Exercise 3.6.) Thus {0, 1}
and P(N) are equinumerous and the claim follows from Corollary 6.6. m

6.12 Corollary  The sets {0,1} and P(N) are equinumerous.

Exercises

1 Let n € N*. Prove that any injective function from {1,...,n} to itself is bijective.
(Hint: Use induction onn. Let f: {1,...,n+ 1} — {1,...,n + 1} be an injective function
and k := f(n+1). Consider the functions

n+1, i=k,
9(j) == k, j=n+1,
i otherwise ,

together with h :=go f and h|{1,...,n}.)
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2 Prove the following;:

(a) Let m,n € N*. Then there is a bijective function from {1,...,m} to {1,...,n} if and
only if m = n.

(b) If M is an infinite system, then Num(M) = co (Hint: Exercise 1).

3 Show that the number of m element subsets of an n element set is (::1) (Hint: Let N
be an n element set and M an m element subset of N. From Proposition 6.3 deduce that
there are m! (n — m)! bijections from {1,...,n} to N such that {1,...,m} goes to M.)

4 Let M and N be finite sets. How many injective functions are there from M to N7

5 Let Xo,...,X,, be finite sets. Show that X := U;”:O X is also finite and that
Num(X) < Z Num(Xj) .
j=0

When do we get equality?
6 Let Xo,..., X, be finite sets. Prove that X := H;.”:O X is also finite and that

Num(X) = H Num(Xj;) .

7 Show that a nonempty set X is countable if and only if there is a surjection from N
to X.

8 Let X be a countable set. Show that the set of all finite subsets of X is countable.
(Hint: Consider the functions X" — &,(X), (z1,...,Zn) — {z1,..., 2} where £,(X)
is the set of all subsets with at most n elements.)

9 Show that any subset of a finite set is finite.
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7 Groups and Homomorphisms

In Theorem 5.3 we defined the difference n — m of two natural numbers m and n
when m < n. We defined also the quotient n/m of two natural numbers m and n
when m is a divisor of n. In both cases, the given restrictions on m and n are needed
to ensure that the difference and the quotient are once again natural numbers.
If we want to define the ‘difference’ n —m or the ‘quotient’ n/m of arbitrary
natural numbers m and n, then we have to leave the realm of natural numbers.
In Sections 9-11 we will construct new kinds of numbers and so extend the set of
natural numbers to larger number systems in which these operations can be used
(almost) without restriction.

Of course these new number systems must be constructed so that the usual
rules of addition and multiplication hold. For this purpose, it is extremely useful to
investigate these rules themselves, independent of any connection to a particular
number system. Such an investigation also provides further practice in the logical
deduction of propositions from definitions and axioms.

A thorough discussion of the questions appearing here and in the following
sections is algebra rather than analysis, and so our presentation is relatively short
and we prove only a few of the most important theorems. Our goal is to be able to
recognize general algebraic structures which appear over and over again in various
disguises. The derivation of a large number of arithmetic rules from a small number
of axioms will allow us to bring order to an otherwise huge mass of formulas and
results, and to keep our attention on the essential. The propositions that we derive
from the axioms are true whenever the axioms are true, independent of the context
in which they hold. Things that have been proved once, do not need to be proved
again for each special case.

In this and the following sections we give only a few concrete examples of the
new concepts. We are primarily interested in providing a language and hope that
the reader will recognize in later sections the usefulness of this language and will
see also the mathematical content behind the formalism.

Groups

Groups are systems consisting of one set, one operation and three axioms. Since
they have such a simple algebraic structure, they occur everywhere in mathematics.

A pair (G, ®) consisting of a nonempty set G and an operation © is called
a group if the following holds:

(G1) © is associative.
(G2) © has an identity element e.
(Gs) Each g € G has an inverse h € G such that g@h=h o g=ce.

A group (G, ®) is called commutative or Abelian if ® is a commutative operation
on G. If the operation is clear from the context, we often write simply G for (G, ®).
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7.1 Remarks Let G = (G, ®) be a group.
(a) By Proposition 4.11, the identity element e is unique.

(b) Each g € G has a unique inverse which we denote (temporarily) by ¢°. In

particular e’ = e.

Proof In view of (Gs), only the uniqueness needs to be proved. Suppose that h and k
are inverses of g € G, that is, gOh=h®g=eand g®Ok =k ® g = e. Then

h=ho0e=h0o0(gok)=(hOg Ok=e0k=EFk,

which shows the uniqueness.

Since e © e = e the second claim is clear. m
(c) For each pair a,b € G, there is a unique z € G such that a @2 =b and a

unique y € G such that y ©® a = b. That is, the ‘equations’a @z =band y©a=1»>
have unique solutions.

Proof Let a,b e G be given. If we set z:=a” ©@b and y:=b® a’, then a ®z = b and
y ® a = b. This proves the existence statement. To verify the uniqueness of the solution
of the first equation, suppose that z,z € G are such that a © x = b and a ® z = b. Then

b

t=(0a)or=d0@or)=d 0b=d 0(@0z2)=( 0a)Oz=2z.

A similar argument for the equation y ® a = b completes the proof. m
(d) For each g € G, we have (¢°)° = g.

Proof Directly from the definition of the inverse we get the equations

g0g =g @g=e,
) ogd=g0(¢)=ec,

which, together with (c), imply that g = (¢°)". m

(e) Let H be a nonempty set with an associative operation ® and identity ele-
ment e. If every element h € H has a left inverse h such that h ® h = e, then (H, ®)

is a group and h = h’. Similarly, if every element h € H has a right inverse A such
that h ® h = e, then (H,®) is a group and h = h’.

Proof Suppose h is in H, h is a left inverse of h, and 7 is a left inverse of i Then
h®h = e and so

®h)@h=h® (h®h) =

>
>
>

h=e®h=( ®e=

from which h ® h = e follows. Therefore h is also a right inverse of h, and thereby an
inverse of h. Similarly one shows that, if every element has a right inverse, then each
right inverse is also a left inverse. m
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(f) For arbitrary group elements g and h, (g® h)” =h* ® ¢’.

Proof Since (W ©@¢")O(goOh) =R O(9 ©g9)Oh=h" Ge®h=h"®h = e, the claim
follows from (e). m

In order to show that an axiom system is free of contradictions, it suffices to
exhibit some mathematical system which satisfies the axioms. In the case of the
group axioms (G1)—(Gs), this is quite easy to do, as the following examples show.

7.2 Examples (a) Let G := {e} be a one element set. Then {G, ®} is an Abelian
group, the trivial group, with the (only possible) operation e ® e = e.

(b) Let G := {a, b} be a set with operation @ defined ©la b
by the table on the right. Then (G, ®) is an Abelian al|la b
group. b|lb a

(c) Let X be a nonempty set and Sx the set of all bijections from X to itself.
Then Sx := (Sx,o0) is a group with identity element idx when o denotes the
composition of functions. Further, the inverse function f ! is the inverse of f € Sx
in the group. In view of Exercise 4.3, Sx is, in general, not commutative. When X
is finite, the elements of Sx are called permutations (see Section 6) and Sx is called
the permutation group of X.

(d) Let X be a nonempty set and (G, ®) a group. With the induced operation ®

as in Example 4.12, (GX,®) is a group. The inverse of f € GX is the function
ffX->G, z— (f(:v))b

In particular, for m > 2, G™ with the operation

(glv"',gm)Q(hlv"'ahm) = (gl®hlvvgm®hm)
is a group.

(e) Let Gy,...,Gp be groups. Then G X - -+ x G, with operation defined anal-
ogously to (d) is a group called the direct product of Gy,...,G,,. =

Subgroups

Let G = (G,®) be a group and H a nonempty subset of G which is closed under
the operation ©®, that is,

(SG;) HOoH C H.
If, in addition,
(SGy) h” € H for all h € H,

then H := (H,®) is itself a group and is called a subgroup of G. Here we use the
same symbol ® for the restriction of the operation to H. Since H is nonempty,
there is some h € H and so, from (SG;) and (SGy), e =h"® h is also in H.
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7.3 Examples Let G = (G, ®) be a group.

(a) The trivial subgroup {e} and G itself are subgroups of G, the smallest and
largest subgroups with respect to inclusion (see Example 4.4.(b)).

(b) If H,, a € A are subgroups of G, then (), H, is also a subgroup of G. m

Cosets

Let N be a subgroup of G and g € G. Then g ©® N is the left coset and N © g is
the right coset of g € G with respect to N. If we define

g~hi<=gehoON, (7.1)

then ~ is an equivalence relation on G: Indeed ~ is reflexive because e € N. If
g€ h®N and h € k® N, then

ge(kON)ON=kO(NON)=kON ,

since, of course,

NON=N. (7.2)

Thus ~ is transitive. If ¢ € h ® N, then there is some n € N with ¢ = h ©n.
Then it follows from (SGy) that h =g®n’ € g© N. Thus ~ is also symmetric
and (7.1) defines an equivalence relation on G. For the equivalence classes [-] with
respect to ~ , we have

gl=9gON, geG. (7.3)

For this reason, we denote G/~ by G/N, and call G/N the set of left cosets of G
modulo N.

Of particular importance are subgroups N such that
gON=NGOg, geG. (7.4)

Such a subgroup is called a normal subgroup of G. In this case one calls g © N
the coset of ¢ modulo NV since each left coset is a right coset and vice versa.

For a normal subgroup N of G it follows from (7.2), (7.4) and the associativity
of the operation, that

(ON)©O(hON)=gO(NOh)ON=(gOR)ON, g, h,e G .

This shows that there is a well defined operation on G/N, induced from ®, such
that
(G/IN)x (G/IN) = G/N, (9gON,hON)— (gOh)ON . (7.5)

We will use the same symbol ® for this induced operation.
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7.4 Proposition Let G be a group and N a normal subgroup of G. Then G/N

with the induced operation is a group, the quotient group of G modulo N.

Proof The reader can easily check that the induced operation is associative.
Since (e @ N)®(gON)=(e®g) ® N =g@® N, the identity element of G/N is
N =e® N. Since also

(ON)O(gON)=(©g)ON=ecON=N
the claim follows from Remark 7.1(e). m

7.5 Remarks (a) In the notation of (7.3), [e] = N is the identity element of G/N
and [g]” = [¢°] is the inverse of [g] € G/N. Because of (7.3) and (7.5) we have

glohl=goh, g¢ghed.

In other words, to combine two cosets with the operation ®, one can choose a
representative of each coset, combine these elements using ® and then take the
coset which contains the resulting element. Since the operation on G/N is well
defined, the final result is independent of the particular choice of representatives.

(b) Any subgroup N of an Abelian group G is normal and so G/N is a group.
Of course, G/N is also Abelian. m
Homomorphisms

Among functions between groups, those which preserve the group structure are of
particular interest.

Let G = (G,®) and G' = (G',®) be groups. A function ¢: G — G’ is called
a (group) homomorphism if

wlgoh)=vl@®eh), ghed.

A homomorphism from G to itself is called a (group) endomorphism.

7.6 Remarks (a) Let e and ¢’ be the identity elements of G and G’ respectively,
and let ¢ : G — G’ be a homomorphism. Then

b
ple)=¢ and (0(9) =¢(d’), g€GC.
Proof From €’ ® p(e) = p(e) = p(e ®e) = p(e) ® p(e) and Remark 7.1(c) it follows

that p(e) = ¢’. Suppose g € G. Then €’ = p(e) = p(g° © g) = v(9°) ® ¢(g) and, similarly,
e = p(g9) ® p(g°). Thus, from Remark 7.1(b), we get (cp(g))b =p(g’). m
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(b) Let ¢ : G — G’ be a homomorphism. The kernel of ¢, ker(y), defined by

ker(p) =@ () ={geG; olg)=¢},

is a normal subgroup of G.

Proof For all g,h € ker(p) we have
elgoh)=plg) ®ph) =€ ®e =¢ .

Thus (SG1) is satisfied. Because ¢(g°) = (@(g))b = (')’ =¢/, (SGz) also holds, and
so ker(p) is a subgroup of G. Let h € g ® ker(¢). Then there is some n € G such that
o(n) =¢ and h = g ® n. For m := ¢ ®n® ¢’, we have

/

p(m) = o(g) ® p(n) ® p(g") = p(g) ® p(g’) = ¢,

and hence m € ker(p). Since m ® g = g ©® n = h, this implies that h € ker(¢) ® g. Simi-
larly one can show ker(p) ® g C g ® ker(p), and so ker(¢) is a normal subgroup of G. m

(c) Let ¢ : G — G’ be a homomorphism and N := ker(y). Then

gON =9 " (0(g), ge@G,

and so
g~h=plg) =¢h), ghel,

where ~ denotes the equivalence relation (7.1).
Proof For h € g ® N we have

e(h) € p(g® N) = p(g) ® p(N) = o(g) ® {'} = {0(9)} ,

and so h € ¢~ (p(g)). Conversely if h € ™" (¢(g)), that is, p(h) = ¢(g), then

b /
e(g” O h) = (") ® p(h) = (p(9)) ® p(g) =€,
which means that ¢’ ®h € N and hence h€ g® N. m

(d) A homomorphism is injective if and only if its kernel is trivial, that is,
ker () = {e}.
Proof This follows directly from (c). m

(e) The image im(p) of a homomorphism ¢ : G — G’ is a subgroup of G'. m

7.7 Examples (a) The constant function G — G’, ¢ — ¢’ is a homomorphism,
the trivial homomorphism.

(b) The identity function idg : G — G is an endomorphism.

(c) Compositions of homomorphisms (endomorphisms) are homomorphisms (en-
domorphisms).
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(d) Let N be a normal subgroup of G. Then the quotient function
p:G—-G/N, g—gON
is a surjective homomorphism, the quotient homomorphism, with ker(p) = N.

Proof Since N is a normal subgroup of G, the quotient group G/N is well defined.
Because of (7.1) and Proposition 4.1, the quotient function p is well defined, and Re-
mark 7.5(a) shows that p is a homomorphism. Since N is the identity element of G/N,
ker(p) = N.

(e) If ¢ : G — G’ is a bijective homomorphism, then so is p~!: G’ — G. m

Isomorphisms

A homomorphism ¢ : G — G is called a (group) isomorphism from G to G’ if ¢ is
bijective. In this circumstance, we say that the groups G and G’ are isomorphic and
write G = G’. An isomorphism from G to itself, that is, a bijective endomorphism,
is called a (group) automorphism of G.

7.8 Examples (a) The identity function idg: G — G is an automorphism. If
¢ and 1 are automorphisms of G, then so are ¢ o1 and ¢~ !. It follows easily
from this that the set of all automorphisms of a group G, with composition as
operation, forms a group, the automorphism group of G. This is a subgroup of the
permutation group Sg.

(b) For each a € G, the function g — a ® g ® @’ is an automorphism of G.

(c) Let ¢: G — G’ be a homomorphism. Then there is a unique injective homo-
morphism @ : G/ ker(p) — G’ such that the diagram

12

i

G/ ker(y

G

Gl

is commutative. If ¢ is surjective, then @ is an isomorphism.

Proof It follows from Remark 7.6(c) and Example 4.2(c) that there is a unique injective
function @ which makes the diagram commutative, and that im(¢) = im(@). It is easy to
check that @ is a homomorphism. m

(d) Let (G,®) be a group, G’ a nonempty set, and ¢ : G — G’ a bijection from G
to G'. Define an operation ® on G’ by

gah =p ghoe (), ¢.Ked.

Then (G, ®) is a group and ¢ is an isomorphism from G to G’. The operation ®
is called the operation on G’ induced from © via ¢ .
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(e) If G = {e} and G’ = {€'} are trivial groups, then G and G’ are isomorphic.

(f) Let G be the group of Example 7.2(b) and G’ the group produced when the
symbols a and b are interchanged in the table. Then G and G’ are isomorphic. More

precisely, the operation on G’ is induced from the operation G via the function
v: {a,b} — {a,b} defined by ¢(a) := b and (b) := a.

(g) Let X and Y be nonempty sets and ¢: X — Y a bijective function. Then

$:Sx =Sy, fropofop™

is an isomorphism from the permutation group Sx to the permutation group Sy . m

If ¢ is an isomorphism from the group (G,®) to the group (G’,®), then
even though the groups may differ in the labeling of their elements, they have
identical group structure. For example, if g and h are two elements of GG, then to
calculate g ® h one can just as well calculate p(g) ® ¢(h) in G, and then g ® h is
the image of ¢(g) ® ¢(h) under the inverse isomorphism 1. In practice it may be
much easier to work with (G’, ®) than with (G, ®). (See, in particular, Sections 9
and 10.)

From the viewpoint of group theory, isomorphic groups are essentially iden-
tical. In fact, isomorphism 2 is an equivalence relation on any set G of groups,
as is easy to verify. Hence G can be partitioned using = into equivalence classes,
called isomorphism classes. It suffices then to investigate the set G/= of isomor-
phism classes rather than G itself. In other words, one ‘identifies’ (makes identical)
isomorphic groups. This is the sense in which one speaks of the trivial group, since,
by Example 7.8(e), any two trivial groups are isomorphic. Similarly, there is (up
to isomorphism) only one group of order! two, that is, with exactly two elements
(see Example 7.8(f)). If n € N*| then, by Example 7.8(g), there is only one per-
mutation group Sx with Num(X) = n to consider, for example, the permutation
group (or the symmetric group) of order n!,

Sn = S{l,...,n} )
that is, the permutation group on the set {1,...,n}. (See Proposition 6.3.)

Convention In the following, we usually denote the operation in a group G
by -, and, instead of x -y, write simply zy for z,y € G. With this ‘multi-
plicative’ notation, the operation is called (group) multiplication, and for z°
we write x~! (‘a inverse’). If the group is Abelian, it is common to use ‘addi-
tive notation’ meaning that the group operation is written + and is called
addition, and the inverse 2” of = is written —xz (‘negative z”).

The reader is again reminded that notation is not important, it is the axioms
that matter. The same symbol can have completely different meanings in different

1The order of a finite group is the number of its elements.
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contexts, even when the same axioms apply. The use of familiar symbols, such as
+ or -, should not lead the reader to think that the familiar context is intended.
One has to be clear about which axioms are in play and use only those rules which
follow from them.

That a single symbol can have various context-dependent meanings may seem
illogical and confusing to the beginner. Nonetheless it makes possible an elegant
and concise presentation of complex ideas, and avoids overwhelming the reader
with a multitude of different symbols.

Exercises

1 Let N be a subgroup of a finite group G. Show that Num(G) = Num(XN) - Num(G/N)
so, in particular, the order of a subgroup divides the order of the group.

2 Verify the claims in Examples 7.2(c) and (d).

3 Prove the claim in Example 7.3(b) and show that the intersection of a set of normal
subgroups is also normal.

4 Prove Remark 7.6(e). Is im(y) a normal subgroup of G'?

5 Let p: G — G’ be a homomorphism and N’ a normal subgroup of G’. Show that
@ '(N') is a normal subgroup of G.

6 Let G be a group and X a nonempty set. Then G acts (from the left) on X if there
is a function

GxX—-X, (¢g2)—g-z
such that the following hold:
(GA1) ecx=zforallz € X.
(GA2) g-(h-2z)=(gh) -z forall g,h € G and z € X.
(a) For each g € G, show that = +— g - x is a bijection on X with inverse z +— g~ ' - z.

(b) For x € X, G-z is called the orbit of = (under the action of G). Show that the
relation ‘y is in the orbit of &’ is an equivalence relation on X.

(c) Show that if H is a subgroup of G, then (h,g)— h-g and (h,g) — hgh™" define
actions of H on G.

(d) Show that
S X N" - N" | (0,0) = 0= (Qo@1)s - Xo(m))
defines an action of S,, on N™.

7 Let G =(G,®) be a finite group of order m with identity element e. Show that for
each g € G, there is a least natural number & > 0 such that

k
gk::®g:eA
j=1

Show that g™ = e for all g € G. (Hint: Exercise 1.)
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8 The tables below define three operations on the set G = {e, a, b, c}.

®le a b ¢ ®|le a b ¢ @‘ea b ¢
ele a b c ele a b c ele a b c
ala e ¢ b ala e ¢ b ala b ¢ e
b|lb ¢ e a b|b ¢ a e b|b ¢ e a
clec b a e clec b e a clc e a b

(a)
(b)
(¢) Determine all other possible group structures on G. Sort these groups into isomor-
phism classes.

Verify that (G, ®) and (G, @) are isomorphic groups.
Show that the groups (G, ®) and (G, ®) are not isomorphic.

9 Show that Ss is not Abelian.
10 Let G and H be groups, and let

p:GxH—G, (9,h)r—g

be the projection onto the first factor. Show that p is a surjective homomorphism.
Set H' := ker(p). Show that (G x H)/H' and G are isomorphic groups.

11 Let G be a set with an operation © and identity element. For g € G, define the
function Lg: G — G, h— g ® h, called left translation by g. Suppose that

L:={Lg;geG}CSa,
that is, each Lg is bijective. Prove that

(G,®) is a group < L is a subgroup of S¢ .
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8 Rings, Fields and Polynomials

In this section we consider sets on which two operations are defined. Here we as-
sume that, with respect to one of the operations, the set forms an Abelian group
and that the two operations satisfy an appropriate ‘distributive law’. This leads
to the concepts of ‘rings’ and ‘fields’, which formalize the rules of arithmetic. As
particularly important examples of rings we consider power series rings and polyno-
mial rings in one (and many) indeterminates and derive some of their fundamental
properties. Polynomial functions are relatively easy to work with and are impor-
tant in analysis because ‘complicated functions can be approximated arbitrarily
well by polynomials’, a claim that we will make more precise later.

Rings

A triple (R, +, ) consisting of a nonempty set R and operations, addition + and
multiplication -, is called a ring if:

(R1) (R,+) is an Abelian group.

(R2) Multiplication is associative.

(R3) The distributive law holds:

(a+b)-c=a-c+b-c, c-(a+b)=c-a+c-b, a,b,ce R .

Here we make the usual convention that multiplication takes precedence over ad-
dition. For example, a - b + ¢ means (a - b) + ¢ (the multiplication d := a - b is done
first and the addition d + ¢ second) and not a - (b+ ¢). Also we usually write ab
for a - b.

A ring is called commutative if multiplication is commutative. In this case,
the distributive law (R3) reduces to

(a+b)c=ac+bc, a,b,ce R . (8.1)

If there is an identity element with respect to multiplication, then it is written 1
or simply 1, and is called the unity (or multiplicative identity) of R, and we say
(R, +,-) is a ring with unity. When the addition and multiplication operations are
clear from context, we write simply R instead of (R,+,").

8.1 Remarks Let R := (R, +,) be a ring.

(a) The identity element of the additive group (R, +) of a ring R is, as in Exam-
ple 5.14, denoted by Og, or simply 0, and is called the zero (or additive identity)
of the ring R. In view of Proposition 4.11, Og and also 1g, if it exists, are unique.

(b) From Remark 7.1(d) it follows that —(—a) = a for each a € R.
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(c) For each pair a,b € R, there is, by Remark 7.1(c), a unique solution z € R of
the equation a + x = b, namely x = b+ (—a) =: b — a (‘b minus «’), the difference
of a and b.

(d) For all a € R, we have 0a = a0 =0 and —0 = 0. If a # 0 and there is some
b # 0 with ab = 0 or ba = 0, then a is called a zero divisor of R. If R is commutative
and has no zero divisors, that is, ab = 0 implies « = 0 or b = 0, then R is called a
domain.

Proof Since 0 =0+ 0, we have a0 = a(0 + 0) = a0 + a0. It then follows from (c) and

the equation a0 + 0 = a0 that a0 = 0. Similarly one can show that Oa = 0. The second

claim also follows from (c). m

(e) For all a,b € R, we have a(—b) = (—a)b = —(ab) =: —ab and (—a)(—b) = ab.

Proof From 0= b+ (—b) and (d) we get 0 = a0 = ab+ a(—b). Hence, just as above,

a(—b) = —ab. Similarly one can show that (—a)b = —ab. Using this fact twice we get
(—a)(=b) = —(a(=b)) = —(—ab) = ab

in which the last equality follows from (b). m

(f) If R is a ring with unity then (—1)a = —a for all @ € R.

Proof This is a special case of (e). m

(g) In view of Example 5.14(a), n - a = na is well defined for all n € Nand a € R

and the rules of this example hold. In particular, Oy - a := 0g. From (d) we also

have Og - a := 0g, and so dropping the subscripts from Oy and Og leads to no
ambiguity. Similarly, if R is a ring with unity, then Iy-a=1g-a=a. n

8.2 Examples (a) The trivial ring has exactly one element 0 and is itself denoted
by 0. A ring with more than one element is nontrivial. The trivial ring is clearly
commutative and has a unity element. If R is a ring with unity, then it follows
from 1g - a = a for each a € R, that R is trivial if and only if 1z = Op.

(b) Let R:=(R,+,) be a ring and X a nonempty set. Then R¥ is a ring with
the operations

(f +9)(@) = f(2) +9(z) , (fo)(@) = fz)g(x), we€X, fgeR™.

If R is a commutative ring (a ring with unity), then so is R := (RX,+,-) (see
Example 4.12). In particular, for m > 2, the direct product R™ of the ring R with
the operations

(a17~-~7am) + (bla---vbm) = (al +b17---7am+bm)

and
(al, . ,am)(bl, .. ,bm) = (Clel, .. .,ambm)

is a ring called the product ring. If R is a nontrivial ring with unity and X has at
least two elements, then R¥ has zero divisors.
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Proof For the first claim, see Example 4.12. For the second claim, suppose that x,y € X
are such that @ # y, and f,g € R satisfy f(z) =1 and f(z’') = 0 for all ' € X \{z} as
well as g(y) = 1 and g(y') =0 for all ¥y’ € X\{y}. Then fg=0.m

(c) Suppose R is aring and S is a nonempty subset of R that satisfies the following:
(SR1) S is a subgroup of (R,+).

(SRg) S-S CS.

Then S is itself a ring, a subring of R, and R is called an overring of S. Clearly,
0 = {0} and R are subrings of R. Even if R is a ring with unity, the same may not

be true of S (see (e)). Even so, if 1z € S, then 1p is the unity of S. Of course, if
R is commutative then so is S. The converse is not true in general.

(d) Intersections of subrings are subrings.

(e) Let R be a nontrivial ring with unity and S the set of all g € RN with g(n) =0
for almost all, that is, for all but finitely many n € N. Then S is a subring of RN
without unity. (Why?)

(f) Let X be a set. For subsets A and B of X define their symmetric difference
A A B by
ANB:=(AUB)\(ANB)=(A\B)U(B\A) .

Then (P(X),A,N) is a commutative ring with unity. m

Let R and R’ be rings. A (ring) homomorphism is a function ¢: R — R’
which is compatible with the ring operations, that is,

pla+b)=¢(a)+¢®), ¢lab) =¢(a)p®d), abeR. (8.2)

If, in addition, ¢ is bijective, then ¢ is called a (ring) isomorphism and R and R’
are isomorphic.

A homomorphism ¢ from R to itself is a (ring) endomorphism. If ¢ is an
isomorphism, then it is a (ring) automorphism.!

8.3 Remarks (a) A ring homomorphism ¢: R — R’ is, in particular, a group
homomorphism from (R,+) to (R’,+). The kernel, ker(y), of ¢ is defined to be
the kernel of this group homomorphism, that is,

ker(p) ={a€R; p(a) =0} = (0) .

(b) The zero function R — R/, a— Og/ is a homomorphism with ker(¢) = R.

(c) Let R and R’ be rings with unity and ¢: R — R’ a homomorphism. As
(b) shows, it does not follow that ¢(1g) = 1g/. This can be seen as a consequence
of the fact that, with respect to multiplication, a ring is not a group. m

1We will use the words ‘homomorphism’, ‘isomorphism’, ‘endomorphism’, etc. when it is clear
from the context what type of homomorphism — group, ring (and later field, vector space or
algebra) — is intended.
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The Binomial Theorem

We next show that the ring axioms (R1)—(R3) have other important consequences
beyond the rules in Remark 8.1.

8.4 Theorem (binomial theorem) Let a and b be two commuting elements (that
is, ab = ba) of a ring R with unity. Then, for all n € N,

zn:( ) kpn—k (8.3)

k=0

Proof First we note that, by Examples 5.14, Remark 8.1(g) and Exercise 5.5,
both sides of (8.3) are well defined, and that the claim is true for n = 0. If (8.3)
holds for some n € N, then

n

(a+b)"t = (a+b)" (Z( ) kpn— ’“) (a+b)

O

n

Zn:( ) k+1bn—k+z<2)akbn+l—k

k=0 k=0

— g+l btipnt | N~ (T kpntiok | pnl
+ +Z( Ja* 1o +’;(k)ab+ 4o
Y (ARt

From Exercise 5.5 we have (,",) + (Z) = (":1) and so

- 1
(a+ )"t =gt 4 Z(?”H- )a}ganrlfk 4t
k
k=1
The claim then follows from the induction principle of Proposition 5.7. m

The Multinomial Theorem

We want to generalize the binomial theorem so that, on the left side of (8.3), sums
with more than two terms are allowed. To make this formula as simple as possible,
it is useful to introduce the following notation:

For m € N with m > 2, an element a = (v, ..., @) € N™ is called a multi-
index (of order m). The length |a| of a multi-index o« € N™ is defined by

m
laf == Zaj .
j=1
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Set also
m

al = H(ozj)! ,

j=1

and define the natural (partial) order on N™ by
a<fi= (0 <P, 1<j<m).

Finally, let R be a commutative ring with unity and m € N with m > 2. Then
we set

m
a® =

(a;)*?

J=1

for a = (a1,...,a;m) € R™ and a = (ay,...,q,) € N™.

8.5 Theorem (multinomial theorem) Let R be a commutative ring with unity.
Then for all m > 2,

(iaj)k: Z k—!ao‘, a=(at,...,am) €ER™, keN. (8.4)

Here Zlalzk is the sum over all multi-indices of length k in N™.

Proof We begin by proving, by induction on m, that
k!/a! € N* for k € N and o € N with |a| =k . (8.5)

We consider first the case m = 2. Let o € N* be an arbitrary multi-index of
length k. Then o= (¢,k — ¢) for some £ € N with 0 < ¢ <k, and so, by Exer-

cise 5.5(b),
K K N
o T Uo—0 (p) e

Now suppose that (8.5) is true for some m > 2. Let v € N™ 1! be arbitrary
with |a] = k. Set @' := (o, ..., A1) € N It follows from the induction hypoth-
esis and Exercise 5.5(a) that

k! _(k—al)!<k

al o'

) e N* . (8.6)

aq

This completes the induction and the proof of (8.5).

To prove (8.4) we again use induction on m. The case m = 2 is the binomial
theorem. Thus we suppose that a = (ay,...,am,amy1) € R for m > 2 and
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k € N are given. We set b := Z;n:gl a; and calculate using Theorem 8.4 and the

induction hypothesis as follows:

m-+1 k k k
k k—
(L a) =+ = 32 () Japsi
j=1 a1=0
a k i (/{3—041)! Qs QUmt1
= 2 (g ) 30 e
a;=0 o/ |=k—a1

k— Yk o P—
= ¥ %(al)al el

a1=0 |a'|=k—o;

K
=3 et

la|=k

where in the last step we have used (8.6). This completes the induction and the
proof of the theorem. m

8.6 Remarks (a) The multinomial coefficients are defined by?

k Kl
=" _ _ keN N <k.
() o (k—Ja! €N, aelN", lal<

Then (Z) € N* and, if R is a commutative ring with unity,

k
(I+a+-+am)h = Z <a>aa, a=(a,...,am) €ER™, keN.
|| <k

Proof If 3:= (a1,...,am,k —|a|) € N™! then we have |3| = k for all |a| < k and
(k) = k!/B!. The claim now follows from Theorem 8.5. m

o

(b) Clearly Theorem 8.5 and (a) are also true if ay, . . ., a,, are pairwise commuting
elements of an arbitrary ring with unity. m

Fields

A ring R has especially nice properties when R\{0} forms a group with respect
to multiplication. Such rings are called fields. Specifically, K is a field when the
following are satisfied:

2We use the same symbol ( ) for multinomial coefficients and binomial coefficients. This
should cause no misunderstanding, since, for a multinomial coefficient (2), we have a € N™

with m > 2, and for a binomial coefficient (’z), £ is always a natural number.
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(F1) K is a commutative ring with unity.

(F2) 0#1.

(F3) K* := K\{0} is an Abelian group with respect to multiplication.
The Abelian group K* = (K*,-) is called the multiplicative group of K.

Of course, a field has all the properties that we have shown to occur in rings.
Since K* is an Abelian group, we get as well the following important rules from
Remarks 7.1.

8.7 Remarks Let K be a field.
(a) Foralla € K*, (a™Y)~! =a.
(b) A field has no zero divisors.

Proof Suppose that ab = 0. If @ # 0 then multiplication of ab = 0by a ! yields b =0. m

(c) Let a € K* and b € K. Then there is a unique x € K with ax = b, namely the
quotient 2 :=b/a :=ba~' (‘b over a’).

(d) For a,c € K and b,d € K*, we have the following:*
c

(i) %*d<=>ad:bc.
a ¢ ad % be

@) 5+~ "0

..a ¢ ac

(111) EE—%

a /jc ad
iv) =/ —-=—, c#0.
(iv) b / d be 7
Proof The first three claims are proved by multiplying both sides of the equation by bd

and then using the rule that bdx = bdy implies = y. Rule (iv) is an easy consequence
of (i). m

(e) In view of (c), for a,b € K* the equation ax = b has a unique solution. On the
other hand, by Remark 8.1(d), any « € K is a solution of the equation 0z = 0. This
is because 0 has no multiplicative inverse. Indeed, the existence of 0! would imply
0-07! =1 and then, since 0- 07! = 0, we would have 0 = 1, contradicting (F5).
This illustrates the special role of zero with respect to multiplication which finds
expression in the definition of K* and in the familiar idea that ‘division by zero
is not allowed’.

3Using the symbols + and F one can write two equations as if they were one: For one of these
equations, the upper symbol (+ or —) is used throughout, and for the other, the lower symbol is
used throughout.
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(f) Let K’ be a field and ¢ : K — K’ a homomorphism with ¢ # 0. Then
o(lg) =1 and e ') =p(a)™", ae K*.

Proof Since ¢ is a group homomorphism from K* to K'*, this follows from Re-
mark 7.6(a). m

When we use the words ‘homomorphism’, ‘isomorphism’, etc. in connection
with fields, we mean, of course, ‘ring homomorphism’, ‘ring isomorphism’, etc. and
not group homomorphism.

The following example shows that fields do, in fact, exist and therefore that
the axioms (F1)—(F3) do not lead to contradictions.

8.8 Example Define addition 4+ and multiplication - on {0, 1} using the tables
below.

+ 10 1 <10 1
010 1 010 O
111 0 110 1

Then one can verify that Fy := ({O, 1}, +, ) is a field. Indeed, up to isomorphism,
Fo is the only field with two elements. m

Ordered Fields

The rings and fields which are important in analysis usually have an order structure
in addition to their algebraic structure. Of course, to prove interesting theorems,
one expects that these two structures should be compatible in some way. Thus, a
ring R with an order < is called an ordered ring if the following holds:*

(ORy) (R, <) is totally ordered.
ORy) z<y=ax+2<y+z z€R.
(ORg) =,y > 0= zy > 0.

Of course, an element z € R is called positive if z > 0 and negative if x < 0.
We gather in the next proposition some simple properties of ordered fields.

8.9 Proposition Let K be an ordered field and x,y,a,b € K.
i) z>y<=z—y>0.
(ii) If > y and a > b, then x +a > y + b.
(iii) If a > 0 and = > y, then ax > ay.
(iv) If x > 0, then —z < 0. If £ < 0, then —x > 0.

4Here, and in the following, we write a,b,...,w > 0fora>0, b>0, ..., w > 0.
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(v

(vi

Let x > 0. Ify > 0, then xy > 0. If y < 0, then xy < 0.
If a < 0 and x > y, then ax < ay.
2% > 0 for all x € K*. In particular, 1 > 0.
(viii) If z > 0, then x~! > 0.
(ix) Ifx >y >0,then0 <z~ ! <y !anday=!>1.

(vii

N — —

Proof All of these claims are easy consequences of the axioms (OR;) and (ORs).
We verify only that (ix) follows from (i), (viii) and (ORz), and leave the remaining
proofs to the reader.

Ifz>y>0,thenz—y>0, 275 >0and y~! > 0. From (ORy) we get

O<(@—-yaly =y -z,

I and

which implies 271 < y~
0<(z—yy =wzy
which implies zy~! > 1. m

The claims (ii) and (vii) of Proposition 8.9 imply that the field Fy of Ex-
ample 8.8 cannot be ordered since otherwise we would have 0 =141 > 0. In the
next section we show that ordered fields do exist.

For an ordered field K, the absolute value function, |-|: K — K and the sign
function, sign(-): K — K are defined by

z x>0, 1, z>0,
|z| = 0, z=0, signzx := 0, z=0,
-z, <0, -1, z<0.

8.10 Proposition Let K be an ordered field and x,y,a,e € K with e > 0.
(i) = = |z|sign(z), |z| = rsign(z).

i) Jz] = | — 2], = <|al.

(i) Joyl = [2] .

(iv) |z| = 0 and (|z| =0 < z = 0).

(V) [x—al<e<=a—-e<z<a+te.

(vi) |z +y| < |z| + |y| (triangle inequality).

Proof The first four claims follow immediately from the definitions. From (vi)
and (ii) of Proposition 8.9 we have

|t —a|<e<= —ce<r—a<e=a—e<zr<ate,
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which proves (v). To verify (vi), we first suppose that x 4+ y > 0. Then it fol-
lows from (ii) that |z +y|=a+y <|z|+|y|. If +y <0, then —(z+y) >0,
and hence

lz+yl=—(+y)l=I2)+ (=l <|—zl+]-yl=lz|+yl,

which completes the proof. m

8.11 Corollary (reversed triangle inequality) In any ordered field K we have

|$—y\2||x\—|y| , z,ye K .

Proof The triangle inequality applied to the equation z = (x —y) +y yields
|z] < |z —y|+ |y|, that is, |z| — |y| < |z — y|. Interchanging x and y in this in-
equality gives |y| — |z| < |y —z|=|z —y|. =

Formal Power Series
Let R be a nontrivial ring with unity. On the set RY = Funct(N, R) define addition
by

P+@n=Pn+a, neEN, (8.7)

and multiplication by convolution,
n
(PO =P Qn =Y _ Djdn—j = Podn + P1dn—1 + *** + Pndo (88)
j=0

for n € N. Here p,, denotes the value of p € RN at n € N and is called the n** co-
efficient of p. In this situation an element p € RY is called a formal power series
over R, and we set R[X] := (RN, +, ). The following proposition shows that R[X]
is a ring. Note that this ring is not the same as the function ring RY introduced
in Example 8.2(b).

8.12 Proposition R[X] is a ring with unity, the formal power series ring over R.
If R is commutative, then so is R[X].

Proof Because of (8.7) and Example 7.2(d), (R[X], +) is an Abelian group.
We show next that (Rg) holds. If p, ¢, r € R[X], then

((pQ)T)n = Z(M)ﬂ“n—j = Z ZPij—an—j (8.9)
j=0

J 7=0Ek=0
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for all n € N. The double sum in (8.9) J
is done over all pairs (j, k) correspond-
ing to the dots in the diagram on
the right. Since addition is an associa-
tive and commutative operation, the
summation can be done in any order.
In particular, the summation can be
changed from ‘column first’ to ‘row
first’, in which case the right side

of (8.9) becomes ol 1 2 n

294 o o
1

k

n n

n n —k n
Z Zpkqukrnfj = Zpk qern—k—t = Zpk(qr)nfk = (P(fﬂ"))n )
0 k=0

k=0 j=k k=0 =
where we have set ¢ := j — k.

The validity of (R3) is clear, as well as the fact that the formal power series p
with pg =1 and p, = 0 for n € N* is the unity element of R[X]. The last claim
is trivial. m

We write X for the power series

1, n=1,
X, = .
0 otherwise .

Then for X™ we have (see Example 5.14(a))

1 n=m
Xmo={ 7 N. 8.10
R EN T (5.10)

In particular, X" is the unity element of R[X].
For a € R, we denote by aX° the constant power series,

aX0 a, n=0,
" 0, n>0,

and by RX? the set of all constant power series. From (8.7) and (8.8), it is clear
that RX? is a subring of R[X] containing the unity element, and that the function

R—RX", a—aX° (8.11)

is an isomorphism. In the following we will usually identify R with RX?, that is,
we will write a for the constant power series aX? and consider R to be a subring
of R[X]. Note that (8.8) also implies

(ap)n = apy, , neN, a€R, p € R[X] . (8.12)
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Polynomials

A polynomial over R is a formal power series p € R[X] such that {n ; p, #0}is
finite, in other words, p,, = 0 ‘almost everywhere’. It is easy to see that the set of
all polynomials in R[X] is a subring of R[X] containing the unity element. This
subring is denoted by R[X] and called the polynomial ring over R.

If p is a polynomial, then there is some n € N such that pp =0 for k > n.
From (8.10) and (8.12) it follows that p can be written in the form

p=> mX"=> X" =po+p X +p2 X+ 4 p, X" (8.13)
k k=0

where po, ..., pn € R. Of course, it is possible that py, = 0 for some (or all) k < n.
When polynomials are written as in (8.13), the rules (8.7) and (8.8) take the form

Yook XY X =) (o + gi) X* (8.14)
k k k

and

(Zk:pkxk) (ZJ: quJ‘) = Z( :Jqunj)xn . (8.15)

noJ

Note that (8.15) can be obtained by applying the distributive law and the rule
(aX)(bX*) = abXT™*  abeR, jkeN,
to the left side of the equation.

As a simple application of the fact that R[X] is a ring, we prove the fol-
lowing addition theorem for binomial coefficients which generalizes formula (ii) of
Exercise 5.5.

8.13 Proposition For all £,m,n € N,

(=) =) ()

J4
k=0

Proof For 1+ X € R[X] it follows from (5.15) that
1+X)"(1+X)"=(1+X)"". (8.16)

Since X commutes with 1 = 1X° = X°, that is, X1 = 1X, the binomial theo-
rem (8.4) implies

(1+X)j:§j:(3f)xi, jEN. (8.17)
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Thus, from (8.15), we get

n

e = ()0 (S (5)) = S 2

£ k=0

and then, with (8.16) and (8.17), it follows that

SO(RIPERIEE SEIE

taking into account that (f;) =0 for k > £. The claim can now be obtained by

matching the coefficients of X* on both sides of the equal sign.” m

If p= kaka # 0 is a polynomial, then there is, by Proposition 5.5, a
smallest m € N such that py = 0 for £ > m. The number m is called the degree
of p, written deg(p), and p,, is called the leading coefficient of p. By convention,
the degree of the zero polynomial, p = 0, is —oo (‘negative infinity’) for which the
following relations hold:®

—o<k, keN, —0+k=k+(—00)=-0, keNU{-o0}. (8.18)

For k + (—o0) we write also k — co.
It is clear that

deg(p + ¢) < max(deg(p),deg(q)) , deg(pg) < deg(p) + deg(q) (8.19)

for all p,q € R[X]. If R has no zero divisors, in particular, if R is a field, then we
have

deg(pq) = deg(p) + deg(q) - (8.20)

It is also convenient to write an arbitrary element p € R[X] in the form
p=>_ mX", (8.21)
k

which explains the name ‘formal power series’. Since ‘infinite sums’ have no mean-
ing in R[X], this should be considered only as an alternative way of writing the
function p € RY. That is, X* is simply a placeholder used to indicate that the
function p has the value p; € R at k € N. Even so, the relations (8.14)—(8.15) can
be used to calculate with such infinite sums.

5Here we use the fact that two polynomials, that is, two functions from N to R, are equal if
and only if their coefficients match up.

6The conventions in (8.18) are chosen so that rules such as (8.19) hold for also zero polyno-
mials. Of course, —oo is not a natural number, nor can it be an element of some Abelian group
which contains the natural numbers. (Why not?)
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Polynomial Functions

Let p = ZZ:O prX"* be a polynomial over R. Then we define the value of p at
x € R by

p(x) == Zpkxk €ER.
k=0

This defines a function

p:R—R, xw~px),

the polynomial function, p € R corresponding to p € R[X].

8.14 Remarks (a) The polynomial function corresponding to the constant poly-
nomial a is the constant function (z — a) € RE. The polynomial function corre-
sponding to X is the identity function idp € RE.

(b) Let R be commutative. Then for all p, ¢ € R[X],

(p+a)(x) =plx)+q(x), (pg)(z)=plx)g(x), xR,

that is, the function
RX]—R", pep (8.22)

is a homomorphism when R has the ring structure of Example 8.2(b). Moreover
this homomorphism takes 1 to 1.

Proof The simple verification is left to the reader. m

(c) If R is a nontrivial finite ring, then the function (8.22) is not injective. The
rings which are important in analysis are infinite and for such rings the function
(8.22) is injective.

Proof For the first claim, we note that, since R has at least two elements, the set
R[X] = R" is, by Propositions 6.7 and 6.11, uncountable. Since R" is a finite set,
there can be no injective function from R[X] to RT. The second claim is proved in
Remark 8.19(d). m

(d) Let M be a ring with unity. Suppose that there is a function R x M — M
which we denote by (a,m) — am. Then we can define the value of p = Y"}'_ ppX*
at m € M by

n
p(m) := Zpkmk .
k=0

A trivial, but important, case is when R is a subring of M. Then any p € R[X]
can be considered also as an element of M[X] and hence R[X] C M[X]. In Re-
mark 12.12 we will return to this general situation.
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(e) Let p=>, prX"* € R[X] be a formal power series. Then a definition of
the form p(z) := >, pxa® for € R is meaningless since ‘infinite sums’ are, in
general, undefined in R. Even so, in Section I1.9 we will meet certain formal
power series which have the property that for certain = € R the value of p at x,
p(z) :== >, pra® € R, makes sense.

(f) For an efficient calculation of p(x), note that p can be written in the form

D= (( - ((PnX +Pn-1)X +pn2) )X +p1>X + po

(which can easily be proved using induction). This suggests an ‘iterative process’
for evaluating p(z): Calculate z,,, z,—_1,...,xo using

Tp =T, Tk—1'=PrTk + Dk-1, k:nanf]-v"'a]-v

and then set p(x) = xg. This ‘algorithm’ is easy to program and requires only
n multiplications and n additions. A ‘direct’ calculation, on the other hand, re-
quires 2n — 1 multiplications and n additions. m

Division of Polynomials

For polynomials over a field K, we now prove an important version of the division
algorithm of Proposition 5.4.

8.15 Proposition Let K be a field and p,q € K[X] with ¢ # 0. Then there are
unique polynomials r and s such that

p=sq+r and deg(r)<deg(q) . (8.23)

Proof (a) Existence: If deg(p) < deg(q), then s := 0 and r := p satisfy (8.23). So
we can assume that n := deg(p) > deg(q) =: m. Thus we have

p=Y_mX", q=> ¢X,  pa#0, qu#0.
k=0 j=0

Set 51y 1= Png,t X" ™ € K[X]. Then P(1) *= P — 5(1)¢ is a polynomial such that
deg(p(1)) < deg(p). If deg(p)) < m, then s:= sy and 7 :=p( satisfy (8.23).
Otherwise we apply the above argument to p(;) in place of p. Repeating as neces-
sary, after a finite number of steps we find polynomials r and s which satisfy (8.23).

(b) Uniqueness: Suppose that s(;y and r(;) are other polynomials with the
property that p = s(1yq + (1) and deg(r(1)) < deg(q). Then (s(1) —s)g =7 —r(1).
If (1) — s # 0, then from (8.20) we would get

deg(r — r(1)) = deg((s(1) — 5)q) = deg(s(1) — s) + deg(q) > deg(q) ,

which, because deg(r — 7)) < max(deg(r),deg(r(l))) < deg(q), is not possible.
Thus s(;) = s and also r(;) =7. =
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Note that the above proof is ‘constructive’, that is, the polynomials r and s
can be calculated using the method described in (a).

As a first application of Proposition 8.15 we prove that a polynomial can be
‘expanded about’ any a € K.

8.16 Proposition Let K be a field, p € K[X]| a polynomial of degree n € N and
a € K. Then there are unique by, by, ...,b, € K such that

p= ibk(Xfa)’C =by+ b0 (X —a) +ba(X —a)? +- + b, (X —a)" . (8.24)
k=0

In particular, b,, # 0.

Proof Since deg(X —a) =1, it follows from Proposition 8.15 that there are
unique py € K[X] and by € K such that p = (X —a)p(1) + bo. From (8.20) we
have that deg(p(1)) = deg(p) — 1 so the claim can then be proved by induction. m

Linear Factors

A direct consequence of Proposition (8.16) is the following factorization theorem.

8.17 Theorem Let K be a field and p € K[X] with deg(p) > 1. If a € K is a zero
of p, that is, if p(a) = 0, then X — a € K[X] divides p, that is, p = (X — a)q for
some unique q € K[X] with deg(q) = deg(p) — 1.

Proof Evaluating both sides of (8.24) at a gives 0 = p(a) = by, and so

n—1

p=> WX —a)f = (Z b1 (X — a)j)(X —a),
k=1 Jj=0
which proves the claim. m

8.18 Corollary A nonconstant polynomial of degree m over a field has at most
m Zeros.

8.19 Remarks Let K be a field.

(a) In general, a nonconstant polynomial may have no zeros. For example, if K is
an ordered field, then by Proposition 8.9(ii) and (vii), the polynomial X2 + 1 has
N0 ZEros.

(b) Let p € K[X] with deg(p) =m > 1. If a1,...,a, € K are all the zeros of p,
then p can be written uniquely in the form

p=q[[(X—ay)m?
j=1
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where ¢ € K[X] has no zeros and m(j) € N*. Here m(j) is called the multiplicity
of the zero a; of p. The zero a; is simple if m(j) = 1. In addition, Z?Zl m(j) < m.

Proof This follows from Theorem 8.17 by induction. m

(c) If p and ¢ are polynomials over K of degree < n such that p(a;) = q(a;) for
some distinct aq, ag, . ..,an+1 € K, then p = q (identity theorem for polynomials).
Proof From (8.19) we have deg(p — q) < n. Since p — ¢ has n+1 zeros, the claim follows
from Corollary 8.18. m

(d) If K is an infinite field, that is, if the set K is infinite, then the homomor-
phism (8.22) is injective.”

Proof If p,q € K[X] are such that p = g, then p(z) = g(x) for all z € K. Since K is
infinite, p = ¢ follows from (c). m

Polynomials in Several Indeterminates

To complete this section, we extend the above results to the case of formal power
series and polynomials in m indeterminates. In analogy to the m = 1 cases, namely
R[X] and R[X], for m € N*, we define addition and multiplication on the set
RN™) = Funct(N™, R) by

(p + Q)a = Pa t Qo aeN" ) (825)
and
(PQ)a = Zpﬁqa_g , aeN". (8.26)
BLla

In (8.26), the sum is over all multi-indices 8 € N™ with 8 < «. In this situation,
p € RN ig called a formal power series in m indeterminates over R. We set

R[X1, ..., Xp] = (RN, +,.)

where + and - are as in (8.25) and (8.26).

A formal power series p € R[X1,...,X;n] is called a polynomial in m inde-
terminates over R if p, = 0 for almost all & € N™. The set of all such polynomials
is written R[X1,..., Xn].

Set X :=(X1,...,X;n) and, for o € N, denote by X¢ the formal power
series (that is, the function N™ — R) such that

1 0=«

X5 = ’ ’ N™ .
i={0, e €

Then each p € R[X1,...,X,] can be written uniquely in the form

p= Y paX®.

aeN™

"For finite fields this statement is false. See Remark 8.14(c) and Exercise 16.
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The rules (8.25) and (8.26) become

Z Pa X + Z o X = Z (Pa + ga) X (8.27)

aeN™ aeN™ aeN™
and
( > an“)( > q/aXﬁ) => (Z pﬁQa—ﬂ)Xa : (8.28)
aeN™ BeN™ aceN™ [<la

Once again (8.27) and (8.28) can be obtained by using the distributive law and
the rule
aXbXP = abXth | a,beR, o,feN".

The degree of a polynomial

P= Y paX*€R[X1,...,Xpn)] (8.29)

aeN™

is defined by®
deg(p) :==max{|a| eN; p, #0} .

A polynomial of the form p, X% with a € N™ is called a monomial. The polyno-
mial (8.29) is homogeneous of degree k if p, = 0 whenever |«| # k. Every homo-
geneous polynomial of degree k € N has the form

Zano‘, Pa €ER.

lal=k

Polynomials of degree < 0 are called constant, polynomials of degree 1 are called
linear, and polynomials of degree 2 are called quadratic.

8.20 Remarks (a) R[X1,...,X,,] is a ring with unity X° = X©.0:+:0) that is, X©
is the function N — R which has the value 1 at (0,0, ...,0) and is zero otherwise.
If R is commutative then so is R[X1,...,X;»]. The polynomial ring in the inde-
terminates X,..., X, that is, R[ X7, ..., X,], is a subring of R[X7,..., X,;]. R1is
isomorphic to the subring RX% := {aX? ; a € R} of R[Xy,...,X,]. By means of
this isomorphism we identify R and RX?, and hence we consider R to be a subring
of R[X1,...,X,] and write a for aX°.

(b) Let R be a commutative ring and p € R[X1, ..., X;]. Then we define the value
of pat x:= (z1,...,2m) € R™ by

p@):= Y par®€R,

aeN™

8We use the conventions that max(f)) = —oco and min(f}) = co.
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and the corresponding polynomial function (in m variables) by

p: R — R, zw—px).

The function
R[Xy,..., Xp] = RE . psp (8.30)

is a homomorphism when R(®™) is given the ring structure of Example 8.2(b).

(c) Let K be an infinite field. Then the homomorphism (8.30) is injective.

Proof Let p € K[X1,...,Xm]. Then, by Remark 7.6(d), it suffices to show that p is
zero if p(z) =0 for all x = (x1,...,2m) € K™. Clearly p = > paX“ can be written in
the form

P=>_ aXh (8.31)
j=0

for suitable n € N and ¢; € K[X1,..., X;m_1]. This suggests a proof by induction on the
number of indeterminates: For m = 1, the claim is true by Remark 8.19(d). We suppose
next that the claim is true for 1 < k < m — 1. Using (8.31), set

Pty = Zgj(xl,...,xm_ﬂ)(j € K[X], & = (x1,...,&m1) e K™,
j=0

Because p(z) = 0 for € K™, we have p(,/)(§) = 0 for each £ € K and fixed 2’ € K™ "
Remark 8.19(d) implies that p) = 0, that is, gj(xl,...,mmfl) =0 foral 0<j<n.
Since ¢’ € K™™' was arbitrary, we have, by induction, that ¢;(X1,...,Xm-1) =0 for
all j =0,...,n. This, of course, implies p=0. m

Convention Let K be an infinite field and m € N*. Then we identify the
polynomial ring K[X7, ..., X,,] with its image in K(5™) under the homomor-
phism (8.30). In other words, we identify the polynomial p € K[Xq, ..., X,,]
with the polynomial function

K" K, z—p).

Hence K[X1,...,X,,] is a subring of K(X™) which we call the polynomial
ring in m indeterminates over R.

Exercises

1 Let a and b be commuting elements of a ring with unity and n € N.
Prove the following:

(a) ™' — " = (a —b) >0 albn I,
(b) a"tt —1=(a—1) >0 a’.

Remark Z?:o a’ is called a finite geometric series in R.
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2 For a ring R with unity, show that (1 — X)>, X* = (3, X*)(1 — X) =1 in R[X].
Remark ", X" is called a geometric series.

3 Show that a polynomial ring in one indeterminate over a field has no zero divisors.
4 Show that a finite field cannot be ordered.

5 Prove Remarks 8.20(a) and (b).

6 Let R be a ring with unity. A subring I is called an ideal of R if RI = IR = 1. An
ideal is proper if it is a proper subset of R. Show the following:

(a) An ideal I is proper if and only if 1 ¢ I.

(b) A field K has exactly two ideals: {0} and K.

(c) If ¢: R — R’ is a ring homomorphism, then ker(y) is an ideal of R.

(d) The intersection of a set of ideals is an ideal.

(

e) Let I be an ideal of R and let R/I be the quotient group (R, +)/I. Define an operation
on R/I by
R/IxR/I—R/I, (a+I,b+1I)—ab+1.

Show that, with this operation as multiplication, R/I is a ring and the quotient homo-
morphism p: R — R/I is a ring homomorphism.

Remark R/I is called the quotient ring of R modulo I, and, for a € R, a + I is the coset
of a modulo I. Instead of a € b+ I, we often write a =b (mod I) (‘a is congruent to b
modulo I”).

7 Let R be a commutative ring with unity and m € N with m > 2. Let
SmxN" - N" | (0,0)— 0«

be the action of the symmetric group S,, on N™ as in Exercise 7.6(d). Show the following;:
(a) The equation

03, aaX" =3 aa X7
defines an action

Sm X R[X1,...,Xm] — R[X1,....,Xn], (o,p)—o0-Dp

of S, on the polynomial ring R[X1,..., Xm].

(b) For each o € Sy, p+ o - p is an automorphism of R[X1,..., Xn].
Determine the orbits Ss3 - p in the following cases:
i

(c)
(i) p:= Xi.
(i) p:= X7i.
(iii) p:= X7 X X35.
(d) A polynomial p € R[X1,...,Xn] is called symmetric if S,, - p = {p}, that is, when it
is fixed by all permutations. Show that p is symmetric if and only if it has the form

P =2 (ajenm/s,, Hol (Zﬁe[a] Xﬁ)

where af,) € R for all [a] € N™/S,,.
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(e) Determine all symmetric polynomials in 3 indeterminates of degree < 3.

(f) Show that the elementary symmetric functions

S1 = Z1gj§m X
52 1= Z1gj<k§m Xj - Xk

Sk 1= i<y <o <gpsm X X2

Smoi=X1Xo - X

are symmetric polynomials.

(g) Show that the polynomial

(X — X1)(X — Xz) cee (X - Xm) c R[Xl,. .
in one indeterminate X over the ring R[X1, ..., X,,] satisfies

(X = X1)(X = X2) -+ (X = Xm) = X7 (=1) sk X"

where s :=1 € R.

'Xjk

- Xml][X]

8 Let R be a commutative ring with unity. For r € R, define the power series p[r] € R[X]

by p[r] := 3, r*X*. Show the following:

@ b = (" E ) e

(b) Hp[aj]:Z(Z aa)Xk, a:=(ai,...,am) € R™, m e N withm > 2.

j=1 k  |al=k
o (m+k-1
(©) &EZN =( k )
|a|=k
W %= (")
fai<

9 Verify that, for an arbitrary set X, (73(X)7 A, ﬂ) is a commutative ring with unity

(see Example 8.2(f)).
10 Let K be an ordered field and a,b,c,d € K.

) . |a + b || |b]
Prove th lit < :
(a) Prove the inequality T+latb S T+a T14p]
(b) Show that, if b >0, d >0 and 7 < &, then ¥ < Zi;

(c) Show that, if a,b € K*, then ‘%—&—9} > 2.

a

C

o
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11 Show that, in any ordered field K, we have
a+b+|a—10|
2 )

inf{a,b} = min{a,b} = %‘a_b' ,

sup{a, b} = max{a,b} =
a,be K .
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12 Let R be an ordered ring and a,b € R such that a > 0 and b > 0. Suppose that there

is some n € N* such that a” = b™. Show that a = b.
13 Prove the statements in Examples 8.2(d) and (e).
14 Let K be a field. For p = >7_ pe X" € K[X], set
Dp = i kpe X" e K[X],
k=1
if n € N, and Dp = 0, if p is constant. Prove that

D(pq) =pDq+qDp,  p,qc K[X].

15 Find r, s € K[X] with deg(r) < 3 such that

X? —3X 44X =s(XP - X+ X 1) +7.

16 Let K be a finite field. Show that the homomorphism
K[X]—= K", p—p

from Remark 8.14(b) is not, in general, injective. (Hint: p := X? — X € F2[X].)
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9 The Rational Numbers

After the algebraic investigations of the previous two sections, we return to our
original question about the extension of the natural numbers to larger number
systems. We want such extensions to preserve the usual commutivity, associativity
and distributive laws of the natural numbers. As well, arbitrary differences and
(almost arbitrary) quotients of elements should exist. In view of Remarks 8.1
and 8.7, these desired properties characterize fields, so a more precise goal is to
‘embed’ N in a field such the restriction of the field operations to N coincide with
the usual addition and multiplication of natural numbers as seen in Theorem 5.3.
Since N has a total order which is compatible with the operations 4+ and -, we
expect that this order structure should also extend to the entire field. Theorem 5.3
shows that the rules for calculating with the natural numbers, at least, do not
contradict the rules that occur in ordered fields. We will see in this section that
our question has an essentially unique answer. To show this we first embed N in
the ring of integers, and then extend this ring to the field of rational numbers.

The Integers

From Theorem 5.3 we see that N = (N, +,-) is ‘almost’ a commutative ring with
unity. The only property missing is the existence of an additive inverse —n for
each n € N.

Suppose that Z is a ring which contains N, and that the ring operations on Z
restrict to the usual operations on N. Then for all (m,n) € N? the difference m — n
is a well defined element of Z, and

m—-n=m'—n'"<=m+n =m'+n, (m/,n') e N . (9.1)
For the sum of two such elements we have
(m —n)+ (m" —n') = (m+m') = (n+n), (9-2)
and for their product
(m—=mn)-(m —n')=(mm +nn') — (mn' +m'n) . (9.3)

Note that the additions and multiplications in parentheses on the right side of
each equation can be carried out completely within N. This observation suggests
defining addition and multiplication on (m, n) € N? using (9.2) and (9.3). In doing
so we should not overlook (9.1) which indicates that two different pairs of natural
numbers may correspond to a single element of the ring we are constructing. The
following theorem shows the success of this strategy.

9.1 Theorem There is a smallest domain (commutative ring without zero divisors)
with unity, Z, such that N C Z and the ring operations on Z restrict to the usual
operations on N. This ring is unique up to isomorphism and is called the ring of
integers.
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Proof We outline only the most important steps in the proof and leave to the reader the
easy verifications that the operations are well defined and that the ring axioms (R1)—(Rs)
are satisfied.

Define an equivalence relation on N? by
(m,n) ~ (m',n') = m+n' =m'+n,
and set Z := N?/~. Define addition and multiplication on Z by
[, m)] + [, 0] 5= [+ 7'+ )]
and
[(m,n)] - [(m/,n")] == [(mm' + nn/,mn’ +m/n)] .
The rules of arithmetic in N from Theorem 5.3 imply that Z := (Z, +, -) is a commutative
ring without zero divisors. The zero and unity of Z are the equivalence classes [(0,0)]
and [(1,0)] respectively.
The function
N—Z, mw [(m,0)] (9.4)
is injective and compatible with the addition and multiplication operations in N and Z.
Consequently, we can identify N with its image under (9.4). Then N C Z, and the oper-
ations on Z restrict to the usual operations on N.
Now let R O N be some commutative ring with unity and without zero divisors,
such that the operations on R restrict to the usual operations on N. Since Z, by con-

struction is clearly minimal, there is a unique injective homomorphism ¢ : Z — R with
©|N = (inclusion of N in R). This implies the claimed uniqueness up to isomorphism. m

In the following we do not distinguish different isomorphic copies of Z and
speak of the (unique) ring of integers. (Another approach: Fix once and for all
a particular representative of the isomorphism class of Z and call it the ring of
integers.) The elements of Z are the integers, and —N* := { —n ; n € N* } is the
set of negative integers. Clearly Z = N* U {0} U (-N*) = NU (—N*) as disjoint
unions.

The Rational Numbers

In the ring Z, we can now form arbitrary differences m — n, but, in general, the
quotient of two integers m/n remains undefined, even if n # 0. For example, the
equation 2z = 1 has no solution in Z since, if 2(m —n) = 1 with m,n € N, then
2m = 2n + 1, contradicting Proposition 5.4. To overcome this ‘defect’ we will con-
struct a field K which contains Z as a subring. Of course, we choose K ‘as small
as possible’.

Following the pattern established for the extension of N to Z, we suppose first
that K is a such field. Then, for a,c € Z and b,d € Z* := Z\{0}, we have rela-
tion (i) of Remark 8.7(d). This suggests that we introduce ‘fractions’ first as pairs
of integers and define operations on these pairs so that the rules of Remark 8.7(d)
hold. The following theorem shows that this idea works.
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9.2 Theorem  There is, up to isomorphism, a unique smallest field QQ, which
contains 7, as a subring.

Proof Once again we give only the most important steps in the proof and leave the
verifications to the reader.

Define an equivalence relation on Z x Z* by
(a,b) ~ (a',b") <= ab = a'b,
and set Q := (Z x Z*)/~. Define addition and multiplication on Q by
(@8] + [(a',6)] o= (@b +ab, )
and
[(a,0)] - [(a',0")] = [(ad’, bb)] .

With these operations Q := (Q, +,-) is a field.

The function
7Z—Q, z+ [(z, 1)] (9.5)

is an injective ring homomorphism, and so we can identify Z with its image under (9.5)
in Q. Thus Z is a subring of Q.

Let @ be a field which contains Z as a subring. By construction, Q is minimal and
so there is a unique injective homomorphism ¢ : Q — @ such that ¢|Z = (inclusion of Z
in Q). This implies the claimed uniqueness of Q up to isomorphism. m

The elements of Q are called rational numbers. (Again, we do not distinguish
isomorphic copies of Q.)

9.3 Remarks (a) It is not hard to see that
reQ< 3I(p,q) €Z xN* withr =p/q .

By Proposition 5.5, N is well ordered, and so, for a fixed r € Q, the set

{quX : apezwith?:r}
q

has a unique minimum ¢ := go(r). With pg := po(r) := rqo(r) we get a unique
representation r = py/qo of r in lowest terms.

(b) In the construction of Q as an ‘extension field” of Z in Theorem 9.2, no use
is made of the fact that the elements of Z are ‘numbers’. All that was necessary
was that Z be a domain. So this proof shows that any domain R is a subring of
a unique (up to isomorphism) minimal field @. This field is called the quotient
field of R.
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(c) Let K be a field. Then the polynomial ring K[X] is a domain (see Exer-
cise 8.3). The corresponding quotient field, K(X), is called the field of rational
functions over K. Consequently a rational function over K is a quotient of two
polynomials over K,

r=pla, pe€K[X], ¢#0,
with the condition that, if p’, ¢’ € K[X], then p'/¢' =p/q=rif p¢ =p'q. m

9.4 Proposition 7 and Q are countably infinite.

Proof Since NC Z C Q, Example 6.1(a) shows that Z and Q are infinite. It is
not difficult to see that

¢ N=Z, ¢n):=

n/2, n even ,
—(n+1)/2, n odd ,

is a bijection, and hence Z is countable. In view of Proposition 6.9, Z x N* is also
countable. Expressing each element of Q in lowest terms as in Remark 9.3(a), one
sees that there is a bijection from Q to a certain subset of Z x N*. It then follows
from Proposition 6.7 that Q is countable. m

We define an order on Q by
m I

m
— < —=mn—mn' eN, m,m €Z, n,n € N*.
no-n

One can easily check that < is well defined.

9.5 Theorem @ := (Q, <) is an ordered field and the order on Q restricts to the
usual order on N.

Proof The simple verifications are left as an exercise. m

Even though Z is not a field, the order on Q restricts to a total order on Z
for which Proposition 8.9(i)—(vii) hold. In contrast to N, neither Z nor Q is well
ordered by < .! For example, neither Z, nor the set of even integers

22={2n; neZ},
nor the set of odd integers
2Z+1={2n+1;neZ}

has a minimum — a fact which the Peano axioms, Theorem 5.3(vii) and Proposi-
tion 8.9(iv) make clear.

1However, it is possible to construct another order < on Q so that (Q, <) is well ordered.
See Exercise 9.
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Rational Zeros of Polynomials

With the construction of the field Q@ we have found a number system in which
familiar school arithmetic can be used without restriction. In particular, in Q we
can now solve (uniquely) any equation of the form axz = b with arbitrary a,b € Q
and a # 0.

What about solutions of equations of the form 2™ = b with b € Q and n € N*?
Here we can prove a general result which, in a sense, shows that such equations
have few solutions.

9.6 Proposition Any rational zero of a polynomial of the form
f=X"+a, 1 X" '+ 4+ a1 X +ap € Z[X]
is an integer.

Proof Suppose x € Q\Z is a zero of the above polynomial. Write z = p/q in
lowest terms. Because = ¢ Z, we have p € Z* and q > 1. The statement f(p/q) = 0
is equivalent to

n—1
ph=—qYy aplq"
=0

Because ¢ > 1, there is a prime number r with r|qg. Thus r divides p™ too and
also p (see Exercise 5.7). Consequently, p’ := p/r and ¢’ := ¢/r are integers and
p' /¢ =p/q=x. Since p’ # 0 and ¢’ < g, this contradicts the assumption that the
representation x = p/q is in lowest terms. m

9.7 Corollary Let n € N* and a € Z. If the equation ™ = a has any solutions
in Q, then all such solutions are integers.

Square Roots

We consider now the special case of the quadratic equation 22

but in an arbitrary ordered field K.

= a, not just in Q,

9.8 Lemma Let K be an ordered field and a € K*. If the equation x> = a has
a solution, then a > 0. If b € K is a solution, then the equation has exactly two
solutions, namely b and —b.

Proof The first claim is clear since any solution b is nonzero and hence a = b > 0
by Proposition 8.9(vii). Because (—b)? = b?, if b is a solution, then so is —b. By
Proposition 8.9(iv), b = —b would imply b = a = 0, and so b and —b are two
distinct solutions. By Corollary 8.18, no further solutions can exist. m
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Let K be an ordered field and a € K with a > 0. If the equation 22 = a has
a solution in K, then, by Lemma 9.8, it has exactly one positive solution. This is
called the square root of a and is written /a. In this case we say, ‘The square root
of a exists in K’. In addition we set v/0 := 0.

9.9 Remarks (a) If \/a and Vb exist for some a,b > 0, then vab also exists
and vab = vav/b.

Proof From z? = a and 3 = b it follows that (zy)? = 2*y® = ab. This shows the exis-

tence of vab as well as the equation vab = vVavb. m

(b) For all z € K, we have |z| = V2.
Proof If z > 0, then vz2 = z. Otherwise, if z < 0, then V22 = —z. m

(c) For a € Z, \/a exists in Q if and only if a is the square of a natural number. m

Exercises
1 Let K be a field and a € K*. For m € N, define a™™ := (a™")™

(a) Prove that ™™ =1/a™ and a™ ™" = a" /a™ for all m,n € N.
(b) By (a), a” is defined for all k € Z. Verify the following rules:

akaZ — ak+e 7 a bk (ab) (ak)f _ akl
for a,b € K* and k,¢ € Z.
2 For n € Z, nZ is an ideal of Z, and so the quotient ring Z, := Z/nZ, 7 modulo n,
is well defined (see Exercise 8.6). Show the following:
(a) For n € N*, Z, has exactly n elements. What is Zo?
(b) If n > 2 and n € N is not a prime number, then Z, has zero divisors.
(c) If p € N is a prime number, then Z, is a field.
(Hint: (b) Proposition 5.6. (c) For a € N with 0 < a < p one needs to find some z € Z
such that az € 1+ pZ. By repeated use of the division algorithm (Proposition 5.4) find
positive numbers 7o, ...,r; and q,qo, ..., qr such that a > r¢o > r1 > --- > ry and
p =qa+tro, a=qoro+r1, To=qir1+r2,...,Tk-2 = (qk—1Tk—1FTk, Th—1 = Tk -
It follows that r; = mja + n;p for j =0,...,k with m;,n; € Z. Show that, since p is a
prime number, r, = 1.)
Remark Instead of a = b (mod nZ) (see Exercise 8.6) we usually write a = b (mod n) for
n € Z. Thus a = b (mod n) means that a — b € nZ.
3 Let X be an n element set. Show the following:
(a) Num(P(X)) = 2".
(b) Num(Peven (X)) = Num(Poaa(X)) for n > 0. Here Peven(X) and Poaa(X) are de-

fined by
Peven(X) 1= {A C X ; Num(A4) =0 (mod 2) } ,

)
Poda (X ._{AQX,Num( ) =1 mon}
(Hint: Exercise 6.3 and Theorem 8.4.)
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4 An ordered field K is called Archimedean if, for all a,b € K such that a > 0, there is
some n € N such that b < na. Verify that Q := (Q, <) is Archimedean.

5 Show that any rational zero of a polynomial p = >"}_ ax X" € Z[X] of degree n > 1

is in a;, 'Z. (Hint: Consider a? 'p.)

6 On the symmetric group S,, define the sign function by

11 o(j) —o(k)

ik s oc€S,.

signo =
1<j<k<n

Show the following:
(a) sign(Sa) C {£1}.
(b) sign(c o 7) = (signo)(signr) for o,7 € S,,. That is, sign is a homomorphism from S,
to the multiplicative group ({:I:l}, ) The kernel of this homomorphism is called the
alternating group A,, that is, A, :={o € S,, ; signo = 1}. The permutations in A,, are
called even, those in S, \ A, are called odd.
(¢) A, has order n!/2 for n > 2, and 1 for n = 1.
(d) sign is surjective for n > 2.
(e) A transposition is a permutation which interchanges two numbers and leaves the
others fixed. For n > 2, any permutation o € S,, can be represented as a composition
of transpositions: ¢ =01 0020---00n, and then signo = (—l)N7 independent of this
representation. Thus the number of transpositions in the representation is even for even
permutations and odd for odd permutations.

7 Give a complete proof of Theorem 9.5.
8 For k€ N and qo,...,qr € N*, the rational number

1
qo +

q +
q2 +
qs +

1
qk—1 + —
qk
is called a continued fraction. Show that each x € Q with x > 0 can be represented as a
continued fraction, and that this representation is unique if ¢ # 1. (Hint: Let x = r/ro
in lowest terms. By the division algorithm there are unique go € N and r1 € N such that
r1 < ro and r = qoro + 71. If necessary, use the division algorithm on the pair (ro,71).
Repeating as needed, construct qo, ..., qx.)

9 Construct an order < on Q such that (Q, <) is well ordered. (Hint: Consider Propo-
sition 9.4 and (6.3).)
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10 The Real Numbers

We have seen that the equation 22 = a for positive a is, in general, not solvable
in Q. Since 2?2 is the area of a square with side z, this means, for example, that there
is no square of area 2 — so long as we stay within the field of rational numbers.
As is known from high school, in order to remedy this unsatisfactory situation, we
must allow squares with sides whose lengths are ‘irrational numbers’. This means
that our field Q is too small, and we need a larger field which contains Q as a
subfield, and in which the equation 22 = a for a > 0 always has a solution. In
other words, we seek an ordered extension field of Q in which the equation z2 = a
is solvable for each a > 0.

Order Completeness

The desired extension field is characterized by its completeness property. We say
a totally ordered set X is order complete (or X satisfies the completeness axiom),
if every nonempty subset of X which is bounded above has a supremum.

10.1 Proposition Let X be a totally ordered set. Then the following are equivalent:
(i) X is order complete.
(ii) Every nonempty subset of X which is bounded below has an infimum.

(iii) For all nonempty subsets A, B of X such that a <b for all (a,b) € A x B,
there is some ¢ € X such that a < ¢ < for all (a,b) € A x B.

Proof ‘(i)=-(ii)’ Let A be a nonempty subset of X which is bounded below.
Then B:={x € X ; x <a for all a € A} is nonempty and bounded above by any
a € A. By assumption, m := sup(B) exists. Since any element of A is an upper
bound of B, and m is the least upper bound of B, we have m < a for all a € A.
Thus m is in B, and, by Remark 4.5(c), m = max(B). By definition, this means
that m = inf(A).

‘(ii)=-(iii)” Let A and B be nonempty subsets of X such that a <b for
(a,b) € A x B. Each a € A is a lower bound of B, so, by assumption, ¢ := inf(B)
exists. Since ¢ is the greatest lower bound, we have ¢ > a for a € A. Of course,
¢ being a lower bound of B means ¢ < b for all b € B.

‘(iii)=-(i)” Let A be a nonempty subset of X which is bounded above. Set
B:={beX;b>aforallae A}. Then is B nonempty and a <b foralla € A
and all b € B. By hypothesis, there is some ¢ € X such that a < c <bforalla € A
and b € B. It follows that ¢ = min(B), that is, ¢ = sup(A4). m

Ttem (iii) of Proposition 10.1 is called the Dedekind cut property.
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10.2 Corollary A totally ordered set is order complete if and only if every
nonempty bounded subset has a supremum and an infimum.

The following example shows that ordered fields are not necessarily order
complete.

10.3 Example Q@ is not order complete.
Proof We consider the sets
A={2€Q; x>0andx2<2}, B:={z€Q; x>0andm2>2}.

Clearly 1 € Aand 2 € B. From b — a = (b> — a®)/(b+ a) > 0 for (a,b) € A x B it follows
that a < b for (a,b) € A x B. Now suppose that there is some ¢ € Q such that

a<c<b, (a,b) e Ax B . (10.1)
Then for £ := (2¢ + 2)/(c + 2) we have

-2
c+2 "’

2(c? - 2)

2 _
S P B

§>0a 5:0_

(10.2)

By Corollary 9.7 and Remark 4.3(b), either c? < 2or ¢? > 2is true. In the first case it
follows from (10.2) that £ > ¢ and &% < 2, that is, £ > ¢ and € € A, which contradicts
(10.1). In the second case (10.2) implies the inequalities & < ¢ and £2 > 2, that is, £ < ¢
and ¢ € B, which once again contradicts (10.1). Thus there is no ¢ € Q which satisfies
(10.1), and the claim follows from Proposition 10.1. m

Dedekind’s Construction of the Real Numbers

The following theorem, which shows that there is only one order complete extension
field of Q, is the most fundamental result of analysis and the starting point for
all research into the ‘limiting processes’ which are at the center of all analytic
investigation.

10.4 Theorem There is, up to isomorphism, a unique order complete extension
field R of Q. This extension is called the field of real numbers.

Proof For this fundamental theorem there are several proofs. The proof we present here
uses Dedekind cuts, a concept originally due to R. Dedekind. Once again, we sketch only
the essential ideas. For the (boring) technical details, see [Lan30]. Another proof, due to
G. Cantor, will be given in Section II.6.

Motivated by Proposition 10.1(iii), the idea is to ‘fill in’ the missing number ¢
between two subsets A and B of Q by simply identifying ¢ with the ordered pair (A, B).
That is, the new numbers we construct are ordered pairs (A, B) of subsets of Q. It is
then necessary to give the set of such pairs the structure of an ordered field and show
that this field is order complete and contains an isomorphic copy of Q.
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It suffices to consider pairs (A, B) with a <b for (a,b) € A x B and such that
AU B = Q. Such a pair is determined by either of the sets A or B. Choosing B leads to
the following formal definition. Let R C P(Q) be the set of all R C Q with the following
properties:
(D1) R#0, R°=Q\R #0.
(D2) RE={2€Q; z<rforallre R}
(Ds3) R has no minimum.
The function

Q—R, r—={z€eQ;z>r} (10.3)

is injective, so we identify Q with its image in R, that is, we consider QQ to be a subset
of R.

For R, R’ € R, we define

R<R :=RDOR. (10.4)

Examples 4.4(a) and (b) show that < is a partial order on R. If R and R’ are distinct,
then there is some r € R with r € (R’)¢ or some r’ € R’ with r’ € R°. In the first case,
r <1’ for each v’ € R’ and so ' € R for v’ € R'. Consequently R’ C R, that is, R’ > R.
In the second case, we have similarly R’ < R. Therefore (R, <) is a totally ordered set.

Let R be a nonempty subset of R which is bounded below, that is, there is some
A € R such that RC A for all R€ R. Set S:=|JR. Then S is not empty, and, since
S C A, we have ) # A° C S° which implies that S¢ is nonempty. Thus S satisfies (D).
It is clear that S also satisfies (D2) and (D3) and so S is in R. Since S is itself a lower
bound of R, indeed the greatest lower bound, we have, as in Example 4.6(a), S = inf(R).
From Proposition 10.1 we conclude that R is order complete.

Define addition on R by
RxR—R, (R,S)—R+S={r+s;reR, se€S}.

It is easy to verify that this operation is well defined, associative and commutative,
and has the identity element O :={xz € Q; = > 0}. Further, the additive inverse of
ReRis —R:={z€Q; z+r>0foralre R} Thus (R,+) is an Abelian group
and R>0 < —R < O.

Define multiplication on R by
R-R={rmeQ;recR, reR'} forRR >0

and

f((fR)-R’), R<O, R >0,

R-R = f(R-(fR’)), R>0, R <O,

(-R)-(-R), R<O, R<O.
Then one can show that R := (R, +, -, <) is an ordered field which contains Q as a subfield
and that the order on R restricts to the usual order on Q.

Now let S be some order complete extension field of Q. Define a function by
S—=R, r—={z€Q;z>r}.

One can prove that this is an increasing isomorphism. Consequently, R is unique up to
isomorphism. m



94 I Foundations

The proof of Example 10.3 shows that the set
R:={r€Q; z>0and 2* > 2}

is in R, but not in Q. In fact, one can show that R = /2 in R.

The Natural Order on R

The elements of R are called the real numbers and the order on R is the natural
order on the real numbers. The restriction of this order to the subsets

NCcZcQcCR

is, of course, the ‘usual order’ on each subset. A real number x is called positive
(or negative) if > 0 (or < 0). Thus

Rt :={zeR; >0}

is the set of nonnegative real numbers.

Since R is totally ordered, we can think of the real numbers as ‘points’ on the
number line!. Here we agree that x is ‘to the left of 4’ when = < y, and that the
integers Z are ‘equally spaced’. The arrow gives the ‘orientation’ of the number
line, that is, the direction in which ‘the numbers increase’.

Il I I I 1 1 L B E— e B .
T T T T T T T

This picture of R is based on the intuitive ideas that the real numbers are ‘un-
bounded in both directions’ and that they form a continuum, that is, the number
line has ‘no holes’. The first claim will be justified in Proposition 10.6. The second
is exactly the Dedekind continuity property.

The Extended Number Line

To extend our use of the symbols 400 to the real numbers, we set R := R U {£o0},
the extended number line, and make the convention that

—o00 < x <00, zeR,

so that R is a totally ordered set. We insist again that 400 are not real numbers.

IWe use here, of course, the usual intuitive ideas of point and line. For a purely axiomatic
development of these concepts, the very readable book of P. Gabriel [Gab96] is recommended
(especially for the interesting historical comments).
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_ As well as the order structure, we (partially) extend the operations - and +
to R as follows: For x € R, we define

x+o00:=00 forx>-—-o0, r—o00:=—00 forz<oo,
and
00 , x>0, —00 , x>0,
T o0 = x(—oo):
—0o0 , z <0, o0 , z <0,

o 00 , x>0,
Tl —oo, z<0.

Of course, we assume also that these operations are commutative.? In particular,
the following hold:

0+ =00, —00—00=-00, O00-00=00,
(=00) -0 =00-(=00) = =00, (—00)-(—00)=00.

Note that N N 0 N
00 00 00

— 0-(+ - - - -

oo OO, (OO), +OO7 *OO’ 07 O

are not defined, and that R is not a field. (Why not?)

A Characterization of Supremum and Infimum

Using the extended number line, we can define a supremum and an infimum for
sets of real numbers which otherwise do not have these: If M is a nonempty subset
of R which is not bounded above (in R), then oo is the least upper bound of M in R
and so we set sup(M) := oo. Similarly, if M is a nonempty subset of R which is not
bounded below, then inf (M) := —ooc. We define also sup(f}) = —oo and inf(f)) = oo.
The use of these conventions is justified by the following characterization of the
supremum and infimum of sets of real numbers.

10.5 Proposition
(i) If ACR and x € R, then
(o) x < sup(A) < Ja € A such that x < a.
(8) x> inf(A) < Ja € A such that x > a.

(ii) Every subset A of R has a supremum and an infimum in R.

2Compare the footnote on page 46.
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Proof (i) If A = (), then the claim follows directly from our convention. Suppose
then that A # (). We prove only («) since (3) is proved similarly.

‘=" 1If, to the contrary, < sup(A) is such that a < z for all @ € A, then z is
an upper bound of A, which, by the definition of sup(A), is not possible.

‘<=’ Let a € A be such that x < a. Then clearly < a < sup(A4).

(ii) If A is a nonempty subset of R which is bounded above, then Theorem 10.4
guarantees the existence of sup(A) in R, and hence also in R. On the other hand, if
A = () or A is not bounded above, then sup(A) = —oo or sup(A) = oo respectively.
The claim about the infimum follows similarly. m

The Archimedean Property

10.6 Proposition (Archimedes) N is not bounded above in R, that is, for each
x € R there is some n € N such that n > x.

Proof Let z € R. For x < 0, the claim is obviously true. Suppose that = >0
and hence the set A:={n €N ; n <z} is nonempty and bounded above by x.
Then s :=sup(A) exists in R. By Proposition 10.5, there is some a € A such that
s—1/2 < a.Nowset n:=a+1sothat n >s. Thennisnotin Aandson > x.m

10.7 Corollary

(i) LetaeR. If 0<a <1/n for all n € N*, then a = 0.

(ii) For each a € R with a > 0 there is some n € N* such that 1/n < a.
Proof 1If0 < a <1/n for all n € N*, then it follows that n < 1/a for all n € N*.
Thus N would be bounded above in R, contradicting Proposition 10.6.

(ii) is an equivalent reformulation of (i). m

The Density of the Rational Numbers in R

The next proposition shows that Q is ‘dense’ in R, that is, real numbers can be
‘approximated’ by rational numbers. We will consider this idea in much greater
generality in the next chapter. In particular, we will see that the real numbers are
uniquely characterized by this approximation property.

10.8 Proposition  For all a,b € R such that a < b, there is some r € Q such
that a < r <b.

Proof (a) By assumption we have b — a > 0. Thus, by Proposition 10.6, there is
some n € N such that n > 1/(b— a) > 0. This implies nb > na + 1.
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(b) By Proposition 10.6 again, there are mj, mg € N such that m; > na and
ms > —na, that is, —mso < na < mq. Consequently there is some m € Z such that
m — 1 < na < m (proof?). Together with (a), this implies

na<m<1l+na<nb.

The claim then follows by setting r :=m/n € Q. m

n'® Roots

At the beginning of this section we motivated the construction of R by the de-
sire to take the square root of arbitrary positive rational numbers. The following
proposition shows that we have attained this goal and considerably more.

10.9 Proposition For all a € R™ and n € N*, there is a unique z € R™ such
that ™ = a.

Proof (a) We prove first the uniqueness claim. It suffices to show that z” < y™
if 0 < x < y and n > 2. This follows from

n—1
yt—a" =(y—x) Z Y™ >0 (10.5)
=0

(see Exercise 8.1).

(b) To prove the existence of a solution, we can, without loss of generality,
assume that n > 2 and a ¢ {0,1}.

We begin with the case a > 1. Then, from Proposition 8.9(iii), we have
2" >a">a>0 forallz > a . (10.6)

Now set A:= {2z €R"; 2" <a}. Then 0 € A and, by (10.6), = < a for all x € A.
Thus s := sup(A) is a well defined real number such that s > 0. We will prove that
s™ = a holds by showing that s™ # a leads to a contradiction.

Suppose first that s™ < a so that a — s™ > 0. By Corollary 10.7 and Propo-
sition 10.8, the inequality

n—1

b= Z<Z)Sk >0

k=0

implies that there is some £ € R such that 0 < € < (a — s™)/b. By making ¢ smaller
if needed, we can further suppose that e < 1. Then ¥ < ¢ for all k € N*, and, using
the binomial theorem, we have

n—1

(s+e)t=s"+ Z(Z)ska‘”*k <s" 4 (E(Z)sk)s <a.

k=0 k=0
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This shows that s + ¢ € A, a contradiction of sup(A4) = s < s + €. Therefore s™ < a
cannot be true.

Now suppose that s™ > a. Then, in particular, s > 0 and

* n .
b:= ( ) =1>0,
Z 2j —1 5
where the symbol " means that we sum over all indices j € N* such that 2j < n.

Proposition 10.8 implies that there is some € € R such that 0 < € < (s™ — a)/b and
e <1As. Thus we have

n—1
n
A\ — oM _1n7k( )knfkr
(s—e)"=s +Z( ) )5 €
k=0
n * n 2j—1_n—2j+1 n * n 2j—1
28" =) (23'—1)‘“ DS (2j—1)sj

>a .

(10.7)

Now let # € RY with # > s — . Then it follows from (10.7) that 2™ > (s — )" > a,
that is, ¢ A. This shows that s — ¢ is an upper bound of A, which is not possible,
because s — e < s and s = sup(A). Thus the assumption s > a cannot be true.
Since R is totally ordered, the only remaining possibility is that s™ = a.
Finally we consider the case @ € RT with 0 < a < 1. Set b:= 1/a > 1. Then,
from the above, there is a unique y > 0 with y” = b, and so z := 1/y is the unique
solution of 2" =a. m

10.10 Remarks (a) If n € N* is odd, then the equation z™ = a has a unique
solution z € R for each a € R.

Proof If a > 0, then the claim follows from Proposition 10.9 and the fact that y < 0
implies y" < 0 for n € 2N+ 1. If a < 0, then the claim follows from what we have just
shown, and the fact that z — —x is a bijection between the solution set of " = a and
the solution set of 2" = —a: If 2™ = a, then, since n is odd,

(—z)" =(-1)"z" =(-1)a= —a .
Similarly, 2" = —a implies (—z)" =a. =

(b) Suppose that either n € N is odd and a € R, or n € N is even and a € RT.
Denote by {/a the unique solution (in R if n is odd, or in R if n is even) of the
equation 2" = a. We call {/a the n'" root of a.

If n is even and a > 0, then the equation 2™ = g has, besides /a, the solu-
tion — {/a in R, the ‘negative n'" root of a’.

Proof Since n is even, we have (—1)" =1, and so
(—¥a)" = (-)"(¥a)" =a,

which proves the claim. m



1.10 The Real Numbers 99

(c) The functions

Rt - R", 2+ ¥z, n € 2N,
and
R—R, z— ¥z, ne2N+1,

are strictly increasing.

Proof It follows from (10.5) that 0 < {/z < ¢/y for all 0 <z <y. If z <y <0 and
n € 2N + 1, then from the definition in (b) and what we have just proved, it follows that
¥z < t/y. The remaining cases are trivial. m

(d) Let a € RT and r = p/q € Q in lowest terms. Define the " power of a by
a" = (Va)" .

Note that, because of the uniqueness of the representation of r in lowest terms,
a” is well defined.

(e) Corollary 9.7 and Proposition 10.9 show, in particular, that v/2 € R\Q, that
is, v/2 is a real number which is not rational. The elements of R\Q are called
irrational numbers. m

The Density of the Irrational Numbers in R

In Proposition 10.8 we saw that the rational numbers Q are dense in R. The next
proposition shows that the irrational numbers R\Q have this same property.

10.11 Proposition For any a,b € R such that a < b, there is some £ € R\Q such
that a < & < b.

Proof Suppose a,b € R satisfy a < b. By Proposition 10.8 there are rational num-
bers r1,7o € Q such that a < r; < band r; < r9 < b. Setting £ := r1+(r2—r1)/\/§
we have r; < ¢ and

7“2—52(7“2—7"1)(1—1/\/5) >0,

and hence & < ry. Thus 1 < & <re and also a < £ < b. Finally ¢ cannot be a
rational number since otherwise v/2 = (ro — 1) /(£ — r1) would also be rational. m

By Corollary 9.7, the square root of any natural number which is not the
square of a natural number, is irrational. In particular, there are ‘many’ irrational
numbers. In Section II.7 we will show that R is uncountable. Since QQ is count-
able, Proposition 6.8 implies that there are, in fact, uncountably many irrational
numbers.
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Intervals

An interval is a subset J of R such that
(zyyed, za<y)=(zedJorz<z<y).

Clearly 0, R, RT, —R™ are intervals, but R* is not. If .J is a nonempty interval,
then inf(J) € R is the left endpoint and sup(J) € R is the right endpoint of J.
It is an easy exercise to show that a nonempty interval J is determined by its
endpoints and whether or not these endpoints are in J. Thus J is closed on the
left if @ := inf(J) is in J, and otherwise it is open on the left. Similarly, J is closed
on the right if b:=sup(J) is in J, and otherwise it is open on the right. The
interval J is called open if it is empty or is open on the left and right. In this case
we write (a, b) for J, that is,

(a,0) ={xzeR;a<z<b}, —0<a<b<o

)

with the convention that (a,a) := (). If J is closed on the left and right or is empty,
then J is called a closed interval which we write as

[a,b) ={z€R; a<x<b}, —o<a<b<oo.

Further, we write (a,b] (or [a,b)) if J is open on the left and closed on the
right (or closed on the left and open on the right). Each one element subset {a}
of R is a closed interval. An interval is perfect if is contains at least two points.
It is bounded if both endpoints are in R, and is unbounded otherwise. Each
unbounded interval of R, other than R itself, has the form [a, 0), (a,0), (—o0, a]
or (—oo,a) with a € R. If J is a bounded interval, then the nonnegative number
|J| := sup(J) — inf(J) is called the length of J.

Exercises

1 Determine the following subsets of R:
A={(z,y) R o~ 1| +ly+1 <1},
B:={(z,y) €R*; 22" +¢* > 1, |z[ < |yl },
C:={(m,y)6R2 st —yi> 1, T -2y <1, y—20<1}.

2 (a) Show that
Q(\@) = {a+b\/§; a,be@}
is a subfield of R which contains Q but which is not order complete. Is v/3 in Q(\/ﬁ)?
(b) Prove that Q is the smallest subfield of R.
3 Fora,beRT and r,s € Q, show the following:
(a) a"t* =a"a®, (b) (a")*=a"*, (c)a"b" = (ab)".
4 For m,n € N* and a,b € RT, show the following:
(a) a¥’™ <a'/" if m<nand 0 <a<1.
®) a/™ > a'/™ if m < nand a > 1.
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5 Let f: R — R be an increasing function. Suppose that a,b € R satisfy a < b, f(a) > a
and f(b) < b. Prove that f has at least one fixed point, that is, there is some = € R such
that f(z) = x. (Hint: Consider z :=sup{y € R; a <y <b, y < f(y) } and f(z).)

6 Prove Bernoulli’s inequality: If x € R with x > —1 and n € N, then
1+2)">1+nz.

7 Let M C R be nonempty with inf(M) > 0. Show that the set M’ := {1/z; x € M }

is bounded above and that sup(M’) = 1/inf(M).

8 For nonempty subsets A and B of R, prove the following:

sup(A + B) = sup(A) +sup(B) , inf(A+ B) =inf(A) + inf(B) .
9 (a) For nonempty subsets A and B of (0, c0), prove the following:
sup(A - B) = sup(A) -sup(B) , inf(A-B)=inf(A)-inf(B) .
(b) Find nonempty subsets A and B of R such that

sup(A) - sup(B) < sup(A-B) and inf(A)-inf(B) > inf(A-B) .

10 Let n € N* and = = (21,...,%,) € [RT]". Then the geometric mean and arithmetic
mean of 1, ..., 2, are defined by g(z) := {/[[}_, z; and a(z) := (1/n) 3 7_, z; respec-
tively. Prove that g(z) < a(z) (inequality of the geometric and arithmetic means).

11 For = = (z1,...,2») and y = (y1,...,Yn) in R", define z+y:= Z?:l x;y;j. Prove

that

Ve < (z+a)/lal .
for all z € [RT]™ and o € N (inequality of the weighted geometric and weighted arith-
metic means).

12 Verify that R is an Archimedean ordered field. See Exercise 9.4.

13 Let (K, <) be an ordered extension field of (Q, <) with the property that, for each
a € K such that a > 0, there is some r € Q such that 0 < r < a. Show that K is an
Archimedean ordered field. See Exercise 9.4.

14 Prove that an ordered field K is Archimedean if and only if {n-1; n € N} is not
bounded above in K. See Exercise 9.4.

15 Let K be the field of rational functions with coefficients in R (see Remark 9.3(c)).
Then for each f € K there are unique polynomials p = >"}_ pr X" and ¢ = 37" g X*
such that ¢, =1 and f = p/q is in lowest terms (that is, p and ¢ have no nonconstant
factors in common). With this notation let

P:={f€K;p.>0}.

Finally set
fRg<=g—feP.
Show that (K, <) is an ordered field, but not an Archimedean ordered field.
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16 For each n € N, let I,, be a nonempty closed interval in R. The family {I,, ; n € N}
is called a nest of intervals if the following conditions hold:

(i) Int1 C I, for all n € N.

(ii) For each € > 0, there is some n € N such that |I,| < e.
(a) Show that, for each nest of intervals { I, ; n € N}, there is a unique z € R such
that © € (), In.
(b) For each x € R, show that there is a nest of intervals { I, ; n € N} with rational
endpoints such that {z} =, In.
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11 The Complex Numbers

In Section 9 we saw that, in an ordered field K, all squares are nonnegative, that
is, 22 > 0 for z € K. As a consequence, the equation 2 = —1 is not solvable in
the field of real numbers or in any other ordered field. In this section we construct
an extension field of R, the field of complex numbers C, in which all quadratic
equations (indeed, as we later see, all algebraic equations) have at least one solu-
tion. Surprisingly, in contrast to the extension of Q to R using Dedekind cuts, the
extension of R to C is simple.

Constructing the Complex Numbers

Following the pattern established for the extensions of N to Z and Z to Q, we
suppose first that there is an extension field K of R and some i € K such that
i? = —1. Of course, i ¢ R. From this supposition we derive properties of K which

lead to an explicit construction of K.

Since K is a field, if z,y € R, then z := x + iy is an element of K. Moreover,
the representation z = x + iy in K is unique, that is, if in addition, z = a +ib
for some a,b € R, then = = a and y = b. To prove this, suppose that y # b and
&+ iy = a+ ib. Then it follows that i = (z — a)/(b — y) € R, which is not possible.

Motivated by these observations we set C :={x+iy € K ; z,y € R}. For
z=x+iy and w=a+ibin C we have (in K)

ztw=x+a+i(ly+b) eC,
—z=—az+i(-y) €C, (11.1)
2w = za+ixb+iya + ilyb = xa — yb +i(xb+ ya) € C ,

where we used i2 = —1. Finally, if z =z + iy # 0, thus z € R* or y € R*. Then
we have (in K)

= 7
z2+y2 + $2+y2

1 1 T —1y T -y
z

Tatiy  (rtiy)(z—iy) €C. (11.2)

Consequently, C' is a subfield of K and an extension field of R.

This discussion shows that C' is the smallest extension field of R in which
the equation 22 = —1 is solvable, if such an extension field exists. The remaining
existence question we answer by a construction.

11.1 Theorem There is a smallest extension field C of R, the field of complex
numbers, in which the equation 2z = —1 is solvable. It is unique up to isomorphism.
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Proof As with the constructions of Z from N and Q from Z, the above discus-
sion suggests that we consider pairs of numbers (z,y) € R? and define operations
on R? following (11.1) and (11.2). Specifically, we define addition and multiplica-
tion on R? by

R* xR* = R*,  ((z,9),(a,b)) — (z +a,y +1b)
and
R*xR* = R*, ((z,9),(a,b) — (za — yb,zb+ ya)

and set C := (R? +,-). One can easily check that C is a field with additive iden-
tity (0,0), unity (1,0), additive inverse —(z,y) = (—z, —y), and multiplicative in-
verse (z,y) "' = (¢/(2® +y%), —y/(a® +y?)) if (z,y) # (0,0).

It is easy to verify that

R—-C, z~ (z,0) (11.3)

is an injective homomorphism. Consequently we can identify R with its image in C
and so consider R to be a subfield of C.

The equation (0,1)? = (0,1)(0,1) = (=1,0) = —(1,0) implies that (0,1) € C
is a solution of 22 = —1¢.

The previous discussion shows that C is, up to isomorphism, the smallest
extension field of R in which the equation z? = —1 is solvable. m

Elementary Properties

The elements of C are called the complex numbers. Since (0,1)(y,0) = (0,y) for
all y € R, we have
(z,y) = (2,0) + (0,1)(y,0) ,  (z,y) €R*.

Setting ¢ := (0,1) € C and using the identification (11.3), each z = (z,y) € C has
a unique representation in the form

z=x+1iy, z,y €R, (11.4)
where, of course, i> = —1. Then = =: Rez is the real part and y =: Im z is the
imaginary part of z. The complex conjugate of z is defined by

Z:=x—ty=Rez—ilmz.

Any z € C* with Rez = 0 is called (pure) imaginary.

For arbitrary z,y € C we have, of course, z = x4+ iy € C. When we want to
make clear that the expression z = x + iy is the decomposition of z into its real
and imaginary parts, that is, - = Re z and y = Im z, we write

z=zr+iy e R+iR.
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11.2 Remarks (a) f z =z +iy € R+ iRand w=a+ib € R+ iR, then z + w,
—z and zw are given by the formulas in (11.1), and if z # 0, then 27! = 1/z is
given by (11.2).

(b) The functions C - R, z+— Rez and C —> R, z+— Imz are well defined,
surjective, and z = Rez + ¢ Im 2.

(c) Let X be aset and f: X — C a ‘complex valued function’. Then
Ref: X =R, z+ Re(f(z))

and
Imf: X - R, xHIm(f(x))

define two ‘real valued functions’, the real part and the imaginary part of f. Clearly

f=Ref+ilmf.

(d) By construction (C,+) is the additive group (R? +) (see Example 7.2(d)).
Thus we can identify C with (R2,+) so long as we consider only the additive
structure of C. This means that we can represent complex numbers as vectors in
the coordinate plane.! The addition of complex numbers is then the same as vector
addition and can be done geometrically using the ‘parallelogram rule’. As usual,
we identify a vector z with the tip of its arrow and so consider z to be a ‘point’ of
the set R? whenever we use this graphic representation.

imaginary axis (iR)
A

p real axis (R)

Rew gRez

In Section II1.6 we will see that multiplication in C also has a simple inter-
pretation in the coordinate plane.

(e) Because (—i)? = (—1)%i? = —1, the equation z?> = —1 has the two solutions

z = +i. By Corollary 8.18, there are no other solutions.

I'We refer the reader again to [Gab96] for an axiomatic treatment of these concepts (see also
Section 12).
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(f) For d € R™ we have
X?—d=(X+Vd) (X -Vd) and X?+d=(X+iVd)(X —iVd).

By ‘completing the square’ we can write aX? + bX + ¢ € R[X] with a # 0 in the
form

aX2—|—bX+c:a[<X+ ;;)2—%}

in C[X] where
D :=b* — dac

is the discriminant. This implies that the quadratic equation az? + bz + ¢ = 0 has

the solutions
~b++vD

ER, D>0,
an=y M op
P=VTE eC\R, D<O.
2a
Moreover
z1+20=-bla, z129=c/a

(see Exercise 8.7(g)). If D < 0, then z5 = Z;.
(g) Because i? = —1 < 0, the field C cannot be ordered. m

Computation with Complex Numbers

In this section we present several important rules for calculating with complex
numbers. The proofs are elementary and are left to the reader. It is instructive to
interpret these rules geometrically in the coordinate plane.

11.3 Proposition For all z,w € C,

() Re(z) = (2 +72)/2, Im(2) = (2 —2)/(20)

()zER@zfz

(iii) z =

(iv) z+w=%z+w, ZW=ZW

(v) 2z = 2% +y? where z := Rez, y:=Imz.

As we have already noted, C cannot be ordered. Nonetheless, the absolute
value function on R which is induced from its order can be extended to a nonneg-
ative function || on C, also called the absolute value function,? by defining

|-]: C—=RY, 2z 2| :=V2Z.

2This fact justifies the use of the same symbol |-| for both absolute values. When distinct
symbols are needed, we write |-|c for the absolute value in C and |-|g for the absolute value in R
(see, for example, Proposition 11.4(ii)).
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Hence, for z = 2 +iy € R+ iR, we have |z| = /22 + y?, and so |z| is the length
of the vector z in the coordinate plane.

N iy

v
=

We collect in the next proposition some rules for the absolute value function.

11.4 Proposition Let z,w € C.
(i) [zw] = |2] J].

(ii

(iii

) |zlc = |2|r for all z € R.
) [Re(2)| < 2], [Tm(2)| < 2], |2| = [2].
(iv) |2| =0« 2z =0.
(v) |z + w| < |z| + |w| (triangle inequality).
i) 2

(v V=1/2=72/|2|? for all z € C*.

Proof Let z,w € Cwith z=2+41iy € R+iR.
(i) From Proposition 11.3(iv) and Remark 9.9(a), we have

|zw| = Vew - 70 = V2z - w = V2z - Vuww = |2] |w] .
(ii) For z € R, we have Z = 2, and so, from Remark 9.9(b),
lZle=Vzz=V22 = |z|g .
(iif) From Remark 10.10(c) we have |Re(2)| = |z| = V22 < /22 + 42 = |2|.

|
Similarly |Im(z)| < |z|. From the equation Z = z we get |z| = v2Z = VZzZ = |Z|.

(iv) From Proposition 8.10 we have

2l =0= 2P = 2P+ P =0=|a| =y =0=z=y =
(v) We have
lz4+w?=z+w(z+w) = (2 +w)(Z+)

= 2Z 4 2W + wZ + ww = |2|* + 20 + 2w + |w|?
= |2|*> + 2Re(2@) + |w|? < |2|*> + 2 |2 + |w]|?
= [2]” + 2|2l fwl| + [wl* = (2] + [w])? ,
where we have used (iii) and Proposition 11.3.
(vi) If z € C*, then 1/2 =%/(22) =Z/|z|>. m
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11.5 Corollary (reversed triangle inequality) For all z,w € C,

= w| > [ J2] — [u]| -

Proof This follows from the triangle inequality in C just as in Corollary 8.11. m

Experience shows that in analysis, in contrast to other areas of mathematics,
the only fields that matter are R and C. Moreover, many definitions and theorems
can be applied equally well to either of these fields. Thus we make the following
convention:

Convention K denotes either of fields R and C.

Balls in K
For a € K and r > 0 we call
B(a,r) :=Bg(a,7) :={z€K; |z —a| <1}
the open ball in K with center a and radius r. If K = C, then B¢/(a, ) is the ‘open
disk’ in the coordinate plane with center a and radius r. If K is the field R, then

Bg(a, ) is the open interval (a — 7, a 4 r) of length 2r centered at a in R.

iR
Y

v
]
v
]

A
7
a
v 0 a—r a a+r

The closed ball in K with center ¢ and radius r is defined by

B(a,r) :=Bg(a,7) :={r€K; |z —a| <r}.

Thus Bg(a,r) is the closed interval [a — 7, a + r]. Instead of B¢(a, r) and Be(a,r),
we often write D(a, r) and D(a, r) respectively. The open and closed unit disks in C
are D :=D(0,1) and D :=D(0, 1).
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Exercises

1 (a) Show that for each z € C\(—o00, 0] there is a unique w € C such that w? = z and
Re(w) > 0. The element w is called the principal square root of z and is written /z.

(b) Show that, for all z € C\ (—o0, 0],
Vz=+/(]z| + Rez)/2 +isign(Im2)+/(]z]| — Rez)/2 .

(c) Calculate /i.

What are the other solutions of the equation w? =i?

1 .
2 Calculate Z, |z|, Rez, Im 2z, Re(1/z) and Im(1/2) for z € { 221_35?,\6}.

3 Sketch the following sets in the coordinate plane:
A={zeC; |z—-1|<|z+1]|}
B:={z€C; |z+1|<|z—4 < |z—1]}
C:={2z€C; 322—-62—6z+9=0}

4 Determine all solutions of the equations z* =1 and 2*> =1 in C.
5 Give a proof of Proposition 11.3.

6 Let m e N* and U; C C for 0 < j < m. Suppose that a € C has the property that,
for each j, there is some r; > 0 such that B(a,r;) C U;. Show that B(a,r) C ], Uj; for
some 7 > 0.

7 TFor a € K and r > 0, describe the set Bk (a,r)\Bx(a,r).

8 Show that the identity function and z +— Z are the only field automorphisms of C
which leave the elements of R fixed. (Hint: For an automorphism ¢, consider ¢(7).)

9 Show that S' := {2 € C; |z| = 1} is a subgroup of the multiplicative group (C*, "),
the circle group.

10 Let R?*? be the noncommutative ring of real 2 x 2 matrices. Show that the set C of
matrices of the form

a —b

b a

is a subfield of R?*2, and that the function
—b
R+iR — R>*2 a+in[Z ]
a

is an isomorphism from C to C. (The necessary properties of matrices can be found in
any book on linear algebra.)

11 Forp=X"+4a, 1 X" '+ -+ X+a€ C[X], define R:=1+ ZZ;S |ak|. Show
that |p(z)| > R for all z € C such that |z| > R.
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12 Prove the Parallelogram Identity in C:

|z +w)® + |z — w|]® = 2(|]2° + [v|?) , z,weC.

13 Describe the function C* — C*, z +— 1/z geometrically.

14 Determine all zeros of the polynomial X* — 2X® — X2 4+ 2X 4+ 1 € C[X].
(Hint: Multiply the polynomial by 1/X? and substitute Y = X —1/X.)

15 Cubic Equations Let &k be a cubic polynomial in C with leading coefficient 1, that is,
k=X"+aX?+bX +c.
To find the zeros of k, we first substitute Y = X + a/3 to get
Y® 4+ pY 4+q€C[X].

Determine the coefficients p and ¢ in terms of a, b and c¢. Suppose that there exist®
d,u,v € C such that

d2:(5)2+(§)3, u3:—%—|—d, v3:—g—d. (11.5)

Show that —3uw/p is a third root of unity, that is, (—3uv/p)® = 1, and so we can choose
u and v such that 3uv = —p. Now let £ # 1 satisfy £€* = 1 (see Exercise 4). Show that

yri=u+v, yi=E&u+&v, yyi=utlv

are the solutions of the equation y® + py + ¢ = 0.

3In Section II1.6 we prove that these complex numbers exist.
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12 Vector Spaces, Affine Spaces and Algebras

Linear algebra is without doubt one of the most fertile of all mathematical research
areas and serves as a foundation for many far-reaching theories in all parts of
mathematics. In particular, linear algebra is one of the main tools of analysis,
and so, in this section, we introduce the basic concepts and illustrate these with
examples. Once again, the goal is to be able to recognize simple algebraic structures
which appear frequently, in different forms, in the following chapters. For a deeper
investigation, we direct the reader to the extensive literature of linear algebra, for
example, [Art91], [Gab96], [Koe83], [Wal82] and [Wal85].

In the following, K is an arbitrary field.

Vector Spaces

A vector space over the field K (or simply, a K-vector space) is a triple (V,+, )
consisting of a nonempty set V', an ‘inner’ operation + on V called addition, and
an ‘outer’ operation

KxV -V, (Avu)—X-v,
called scalar multiplication which satisfy the following axioms:
(VS1) (V,+) is an Abelian group.

(VS2) The distributive law holds:

A(vtw) =Av+dw, (A+p)v=Avtpv, NpeK, vweV.

(VS3) A- (o) =(Ap) v, 1l-v=w, MNueK, veV.
A vector space is called real if K = R and complex if K = C. We write V instead
of (V,+,-) when the operations are clear from context.

12.1 Remarks (a) The elements of V are called vectors and the elements of K
are called scalars. The word ‘vector’ is simply an abbreviation for ‘element of a
vector space’. Possible geometrical interpretations we leave until later.

Just as for rings, we make the convention that multiplication takes precedence
over addition, and we write simply Av for A - v.

(b) The identity element of (V,+) is called the zero vector and is denoted by 0,
as is also the zero of K. For the additive inverse of v € V we write —v and
v —w := v+ (—w). This, as well as the use of the same symbols ‘ +’ and * -’ for

the operations in K and in V' do not lead to misunderstanding, since, in addition
to (VSp) and (VS3), we have

Ov=0, (=Av=A-v)=—-(\)=-Iv, AeK, veV,

and also the rule
AM=0=A=0o0rv=0).
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In this implication, the first and last zeros denote zero vectors and the remaining
zero stands for the zero of K.

Proof From the distributive law and the rules of arithmetic in K it follows that
0-v=(0+4+0)-v=0-v+0-v.

Since the zero vector is the identity element of (V, +), we also have 0 - v = 0 - v + 0, and so
Remark 7.1(c) implies 0 - v = 0. The proofs of the remaining claims are left as exercises. m

(c) Axiom (VSs) says that the multiplicative group K * acts on V' (from the left)
(see Exercise 7.6). Indeed (VS3) and (VS3) can be used to define the concept of a
field acting on an Abelian group. It is sometimes convenient to think of K acting
on V from the right by defining v := Av for (\,v) e K x V. m

Linear Functions

Let V and W be vector spaces over K. Then a function T': V — W is (K-)linear
if
T+ pw) = AT (v) + uT(w) , NpeK, vweV .

Thus a linear function is simply a function which is compatible with the vector
space operations, in other words, it is a (vector space) homomorphism. The set
of all linear functions from V to W is denoted by Hom(V, W) or Homg (V, W),
and End (V) := Hom(V, V) is the set of all (vector space) endomorphisms. A bijec-
tive homomorphism 7' € Hom(V, W) is a (vector space) isomorphism. A bijective
endomorphism 7' € End(V) is a (vector space) automorphism. If there is an iso-
morphism from V to W, then V and W are isomorphic, and we write V =2 W.

~

Clearly = is an equivalence relation on any set of K-vector spaces.

Convention The statement ‘V and W are vector spaces and T: V — W is
a linear function’ always implies that V and W are vector spaces over the
same field.

12.2 Remarks (a) For a linear function T': V' — W, it is usual to write T'v instead
of T'(v) when v € V, so long as this does not lead to misunderstanding.

(b) A vector space homomorphism 7': V' — W is, in particular, a group homo-
morphism T: (V,4) — (W, +). Thus we have 70 =0 and T(—v) = —Tv for all
v € V. The kernel (or null space) of T is the kernel of this group homomorphism:

ker(T)={veV; To=0}=T""0.

Thus T is injective if and only if its kernel is trivial, that is, if ker(T") = {0} (see
Remarks 7.6(a) and (d)).

(c) Let U, V and W be vector spaces over K. Then T o S € Hom(U, W) for all
S € Hom(U,V) and T € Hom(V, W).
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(d) The set Aut(V) of automorphisms of V, that is, the set of bijective linear
functions from V to itself, is a subgroup of the permutation group of V. It is
called the automorphism group of V. m

12.3 Examples Let V and W be vector spaces over K.

(a) A zero or trivial (vector) space consists of a single vector 0, and is often
denoted simply by 0. Any other vector space is nontrivial.

(b) A nonempty subset U of V is called a subspace if the following holds:
(SS1) U is a subgroup of (V,+).
(SS2) U is closed under scalar multiplication: K - U C U.

One can easily verify that U is a subspace of V if and only if U is closed under
both operations of V, that is, if

U+UCU, K-UCU.

(c) The kernel and image of a linear function 7': V — W are subspaces of V
and W respectively. If T is injective then T~1 € Hom(im(T), V).

(d) K is a vector space over itself when the field operations are interpreted as
vector space operations.

(e) Let X be a set. Then VX is a K-vector space with the operations (see Exam-
ple 4.12)

(f+9)(x) = f(x)+g(x), (Af)(z):=Af(z), ze€X, XeK, fgeV¥.
In particular, for m € N*, K™ is a K-vector space with the operations
r4+y=(T1+Y, - Tm+Ym), A&=(Ax1,...,\Tp)

for A\ € K, and = (z1,...,2m) and y = (y1,...,Ym) in K™. Clearly, K! and K
are identical (as K-vector spaces).

(f) The above construction suggests the following generalization. Let Vi,...,V,,
be vector spaces over K. Then V :=V; x --- x V,,, is a vector space, the product
vector space of V7, ...V, with operations defined by

vtw:= (v Wi, U+ W), Avi= (Avr, ., AUR)

forv=(v1,...,0m) €V, w=(wy,...,wy) €V and X € K.

(g) On the ring of formal power series K[X1,...,X,,] in m € N* indeterminates
over K, we define a function

K x K[X1,...,Xn] = K[X1,...,Xn], (A\p)—p
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by

/\(Zan“) =3 (pa) X .

With this operation as scalar multiplication and the already defined addition,
K[X1,...,Xm] is a K-vector space, the vector space of formal power series in
m indeterminates. Clearly, K[X;,...,X,,] is a subspace of K[X1,...,X;], the
vector space of polynomials in m indeterminates.

If K is infinite, the identification of polynomials in K[Xq, ..., X,,] with poly-
nomial functions in K(X™) (see Remark 8.20(c)) means that K[X1, ..., X,,] is also
a subspace of K(K™).

(h) Hom(V, W) is a subspace of WV.

(i) Let U be a subspace of V. Then, by Proposition 7.4 and Remark 7.5(b),
(V,+)/U is an Abelian group. It is easy to check that

Kx(V,H)/JU—(V,+)/U, MNz+U)—ix+U

is a well defined function which satisfies axioms (VSs) and (VS3). Thus (V,+)/U
is a K-vector space, which we denote by V/U and call the quotient space of V
modulo U. Finally, the quotient homomorphism

m:V-V/ U, z—[zl=c+U
is a linear function.

() For T € Hom(V, W) there is a unique linear function T : V/ ker(T) — W such
that the diagram below is commutative.

T

~N 7

V/ ker(T

|4 W

N

Moreover, T is injective and im(7') = im(T).
Proof This follows directly from (c), (i) and Example 4.2(c). m

(k) Let {U,; a € A} be a set of subspaces of V. Then ()
of V. If M is a subset of V, then

aca Ua is a subspace

span(M) := n{ U ; Uis asubspace of Vand U D M }

is the smallest subspace of V' which contains M and is called the span of M.

() If U; and U, are subspaces of V, then the image of U; x Uy under addition
in V is a subspace of V called the sum, U; 4+ Us, of U; and Usy. The sum is direct
if Uy N Uy = {0}, and, in this case, it is written Uy @ Us.
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(m) If U is a subspace of V and T € Hom(V, W), then T'|U is a linear function
from U to W. In the case that V =W, U is said to be invariant under T if
T(U) CU. So long as no confusion arises, we write T for T'|U. m

Vector Space Bases

Let V be a nontrivial K-vector space. An expression of the form Z;”:l Ajv; with
Aoy Am € K and vy,...,0,, €V is called a (finite) linear combination of the
vectors vy, . .., Uy, (over K). The vectors vy, ..., v,, are linearly dependent if there
are Ai,...,An € K, not all zero, such that A\jv; +--- 4+ v, = 0. If no such
scalars exist, that is, if

A+ A =0= XM\ ==X, =0,

then the vectors v, ..., v,, are linearly independent. A subset A of V is linearly
independent if each finite subset of A is linearly independent. The empty set
is, by convention, linearly independent. A linearly independent subset B of V'
such that span(B) =V is called a basis of V. A fundamental result from linear
algebra is that, if V' has a finite basis with m vectors, then every basis of V' has
exactly m vectors. In this circumstance, m is called the dimension, dim(V), of
the vector space V and we say that V' is m dimensional. If V' has no finite basis,
then V' is infinite dimensional, dim(V") = co. Finally, we define dim(0) = 0. A very
natural and useful fact about the dimension is that if W is a subspace of V, then
dim(W) < dim(V'). For the proof of these claims about vector space dimension,
the reader is referred to the linear algebra literature.

12.4 Examples (a) Let m € N*. For j = 1,...,m, define

e;j :==(0,...,0,1,0,...,0) € K™
() ’

that is, e; is the vector in K™ whose 4" component is 1 and whose other com-
ponents are 0. Then {e1,...,e;} is a basis of K™ called the standard basis.
Hence K™ is an m dimensional vector space called the standard m dimensional
vector space over K.

(b) Let X be a finite set. For z € X, define e, € KX by

1 =
%@%={0’ z¢§f (12.1)

Then the set {e, ; ¥ € X} is a basis (the standard basis) of KX, and hence
dim(K*X) = Num(X).
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(¢) Forn € N and m € N*, set
Kq[Xq1,..., Xn] ::{pEK[Xl,...,Xm] ; deg(p) Sn} .

Then K,[X1,...,Xm] is a subspace of K[X7,...,X,,] and the set of monomials
{X%; |a] < n} form a basis. Consequently

. m+n
aim(, (% %0) = (")
and K[Xq,...,X,,] is an infinite dimensional space.
Proof Since the elements of K, [X1, ..., Xm] are functions into K from a finite subset of
N™ it follows from (b) that the monomials { X® ; |a| < n} are a basis. Exercise 8.8(d)
shows that number of such monomials is (™). If k := dim(K[X1,..., X,n]) is finite,

then any subspace would have dimension less than or equal to k. But this is contradicted
by the subspaces K, [X1,...,Xm] which can have arbitrarily large dimension. m

(d) For m,n € N*,
Ky hom[X1s -y Xon] i= {Zm:naaXa i aq €K, a €N |a| = n}

is a subspace of K,[X1,...,X,,] called the vector space of homogeneous polyno-
mials of degree n in m indeterminates. It has the dimension (™*"~").

Proof As in the preceding proof, the set of monomials of degree n form a basis. The
claim then follows from Exercise 8.8(c). m

12.5 Remark Let V be an m dimensional K-vector space for some m € N*
and {b1,...,b,} a basis of V. Then, for each v € V| there is a unique m-tuple
(x1,...,2m) € K™ such that

v=> a;b;. (12.2)
j=1

Conversely, such an m-tuple defines by (12.2) a unique vector v in V. Consequently,
the function

Km*)V, (LEh’Qjm)i—)Z;n:lijj

is bijective. Since the function is clearly linear, it is an isomorphism from K™ to V.
Therefore we have shown that every m dimensional K-vector space is isomorphic
to the standard m dimensional space K™. This explains, of course, the name
‘standard space’. m
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Affine Spaces

The abstract concept of a vector space, which plays such a fundamental role in
current mathematics, and, in particular, in modern analysis, developed from the
intuitive ‘vector calculus’ of directed arrows in our familiar three dimensional uni-
verse. A geometrical interpretation of vector space concepts is still very useful,
even in abstract situations, as we have already seen in the identification of C with
the coordinate plane. In such an interpretation we often consider vectors to be
‘points’, and certain sets of vectors to be ‘lines’ and ‘planes’, etc. To give these
concepts a solid foundation and to avoid confusion, we provide a short introduction
to affine spaces. This will allow us to use, without further comment, the language
which is most convenient for the given situation.

Let V be a K-vector space and E a nonempty set whose elements we call
points. Then F is called an affine space over V if there is a function

VxE—-FE, (v,P)—P+v

with following properties:

(AS;) P+0=P, PeE.

(AS3) P+ (v+w)=(P+v)+w, PEE, vyweV.

(AS3) For each P,Q € E there is a unique v € V such that Q = P + v.
The unique vector v provided by (ASs) is denoted P—Q> It satisfies

—
Q=P+ PQ.
—
From (AS;) we have PP =0, and from (AS5) it follows that the function
—
ExE—-V, 6 (PQ)— PQ
satisfies the equation
—_— —s —
PQ+ QR =PR, P,Q,ReFE.
—
Since PP = 0, this implies, in particular, that
— —
PQ=-QP, PQcE.
Moreover, by (AS3), for each P € FE and v € V there is a unique ) € E such that
—

PQ = v, namely @ := P 4+ v. Hence V is also called direction space of the affine
space FE.
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12.6 Remarks (a) The axioms (AS;) and (ASs) say that the additive group (V,+)
acts (from the right) on the set E (see Exercise 7.6). From Axiom (ASj3) it follows
that this action has only one orbit, that is, the group acts transitively on F.

(b) For each v € V,
Tw:EFE—FE, P—P+w

is the translation of E by the vector v. It follows from (AS;) and (ASs) that the
set of translations is a subgroup of the permutation group of £. m

Let E be an affine space over V. Choose a fixed point O of E, the origin.
—
Then the function V. — E, v +— O + v is bijective with inverse £ — V, P +— OP.
—
The vector OP is called the position vector of P (with respect to O).

If {b1,...,by} is a basis of V, there is

a unique m-tuple (x1,...,2,,) € K™ such
that
_ m
OP = Zl‘jb]‘ . )
j=1 T3l
In this situation the numbers zq,...,x,,

are called the (affine) coordinates of the

point P with respect to the (affine) coordi-

nate system (O;by,...,b,). The bijective > .
0]

function

E—-K", Pw—(z1,...,Zm), (12.3)

which takes each point P € E to its coordinates, is called the coordinate function
of E with respect to (O;b1,...,bn).

The dimension of an affine space is, by definition, the dimension of its direc-
tion space. A zero dimensional space contains only one point, a one dimensional
space is an (affine) line, and a two dimensional affine space is an (affine) plane.
An affine subspace of E is a set of the form P+ W ={P+w ; w e W} where
P € E and W is a subspace of the direction space V.

12.7 Example Any K-vector space V can be considered to be an affine space
over itself. The operation of (V,+) on V is simply addition in V. In this case,
o =w —v for v,w e V. (Here v is interpreted as a point, and the w on the left
and right of the equal sign are interpreted as a point and a vector respectively!)
We choose, of course, the zero vector to be the origin.

If dim(V) =m € N* and {b1, ..., by} is a basis of V, then we can identify V,
using the coordinate function (12.3), with the standard space K™. Via (12.3),
the basis (by,...,by) is mapped to the standard basis ey,...,e, of K™. The
operations in K™ lead then (at least in the case m = 2 and K = R) to the familiar
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‘vector calculus’ in which, for example, vector addition can be done using the
‘parallelogram rule’:

Rz y+ Rz

PO T

Ay

In the geometrical viewpoint, a vector is an arrow with head and tail at some

points, P and @, say, of E. That is, an arrow is an ordered pair (P, @) of points.
— —_—

Two such arrows, (P,Q) and (P’,Q'), are equal if PQ = P'Q’, that is, if there

is some v € V such that P =Q + v and P’ = Q' + v, or, more geometrically, if

(P, Q") can be obtained from (P, Q) by some translation.

Convention Unless otherwise stated, we consider any K-vector space V to be
an affine space over itself with the zero vector as origin. Moreover we consider
K to be a vector space over itself whenever appropriate.

Because of this convention, the elements of a vector space can be called both
‘vectors’ or ‘points’ as appropriate, and the geometrical concepts ‘line’, ‘plane’
and ‘affine subspace’ make sense in any vector space.

Affine Functions

Let V and W be vector spaces over K. A function «: V — W is called affine if
there is a linear function A: V' — W such that

a(vy) — a(ve) = A(v1 —v2) , vy, v €V . (12.4)

When such an A exists, it is uniquely determined by «. Indeed, setting vy := v
and vy := 0 we get A(v) = a(v) — a(0) for all v € V. Conversely, a is uniquely
determined by A € Hom(V, W) once a(vg) is known for some vy € V. Indeed, for
vy := v and vy := vy, it follows from (12.4) that

a(v) = a(vg) + A(v — vg) = a(vg) — Avg + Av veV. (12.5)

Therefore we have proved the following proposition.
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12.8 Proposition Let V and W be vector spaces over K. Then a: V — W is
affine if and only if it has the form

a(v) =w+ Av veV, (12.6)

with w € W and A € Hom(V, W). Moreover, A is uniquely determined by «, and
« is uniquely determined by A and «(0).

The interpretation of vector spaces as affine spaces makes it possible to give
geometric meaning to certain abstract objects. For the moment, this is not much
more than a language that we have transferred from our intuitions about the
three dimensional universe. In later chapters, the geometric viewpoint will become
increasingly important, even for infinite dimensional vector spaces, since it suggests
useful interpretations and possible methods of proof. Infinite dimensional vector
spaces will frequently occur in the form of function spaces, that is, as subspaces
of KX. A deep study of these spaces, indispensable for a thorough understanding
of analysis, is not within the scope of this book. This is the goal of ‘higher’ analysis,
in particular, of functional analysis.

The interpretation of finite dimensional vector spaces as affine spaces has
also an extremely important computational aspect. The introduction of coordinate
systems leads to concrete descriptions of geometric objects in terms of equations
and inequalities for the coordinates. A coordinate system is determined by the
choice of an origin and basis, and it is essential to make these choices so that the
calculations are as simple as possible. The right choice of the coordinate system
can be decisive for a successful solution of a given problem.

Polynomial Interpolation

To illustrate the above ideas, we show how interpolation questions for polynomials can
be solved easily using a clever choice of basis in K,,[X]. The polynomial interpolation
problem is the following:
Given m € N*| distinct zo, ...,z in K and a function f: {zo,...,zm} — K, find
a polynomial p € K, [X] such that

p(z;) = f(z;), 0<j<m. (12.7)

The following proposition shows that this problem has a unique solution.

12.9 Proposition There is a unique solution p := pw[f; o, ..., Tm]| € K\ [X] of the poly-
nomial interpolation problem.

Proof The Lagrange polynomials ¢;[xo,...,Zn] € Kn[X] are defined by
T X — .
Kj[mo,...,wm]Z:Hm, OS]Sm

k=0
k#j
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Clearly
6,1[3:07"‘73:"”}(3:’@): ik O§]7k‘§m7
where
1, j=k, .
Ok = ke,
a {o, itk, 7

is the Kronecker symbol. Then the Lagrange interpolation polynomial
Linlf; 20, xm] =Y f(@;)l[w0, ..., 2m] € K[ X] (12.8)
j=0

is a solution of the problem. If p € K,,[X] is a second polynomial which satisfies (12.7),
then the polynomial

p—Ln[f;x0,...,2m] € Kn[X]
has the m + 1 distinct zeros, xo, . . ., Tm, and so, by Corollary 8.18, p = Ln[f; Zo, ..., Tm].
This proves the uniqueness claim. m

12.10 Remarks (a) The above easy and explicit solution of the polynomial interpolation
problem is due to our choice of the Lagrange polynomials of degree m as a basis of K, [X].
If we had chosen the ‘canonical’ basis { X7 ; 0 < j < m}, then we would have to solve
the system

> opeai = flx),  0<j<m, (12.9)
k=0
of m + 1 linear equations in m + 1 unknowns po, ..., pm, the coefficients of the desired

polynomial. From linear algebra we know that the system (12.9) is solvable, for any choice
of the right hand side, if and only if the determinant of the coefficient matrix

1 xzo a2 -
1z 2 - 2l

(12.10)
1 Zm 2, - ™

is nonzero. (12.10) is a Vandermonde matrix whose determinant has the value

I Gr—a)

0<j<k<m

(see, for example, [Gab96]). Since this determinant is not zero, we get the existence
and uniqueness claims of Proposition 12.9. While the proof of Proposition 12.9 gives
an explicit form for p := pm[f;xo,...,ZTm], solving (12.9) using standard methods of
linear algebra (for example, Gauss-Jordan elimination) yields, in general, no such simple
expression for p.

(b) If one increases the number of points and function values by one, then all of the
Lagrange polynomials must be recalculated. For this reason it is often more practical to
write pm[f; o, ..., Zm] in the form

m
Dm[f; 0y oy Tm] = Zajw‘j[l'o,...,mjfl]
7=0
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using wo := 1 and the Newton polynomials,

wj[li(),...,Ij_l] = (X*$0)(X*.’E1)"'(X*.Tj_1) EK][X] s ISJ <m.

Then (12.7) leads to a triangular system of linear equations,

ao = f(xo)
ap + arwi [wo](wl) = f(ml)

ao + arwi[wo](zm) +++ + amwm[To, . . ., Tm—1](Tm) = f(Tm) ,

which is easy to solve using ‘back substitution’ (successive substitution starting from the
top). In this form, pm,[f;xo,...,Zm] is known as the Newton interpolation polynomial.
Thus in this case too, choosing the basis { wj[zo,...,z;-1] ; 0 < j <m} of Ky [X] leads
to a simple solution. m

Algebras

Let X be a nonempty set. Then KX, the set of all functions from X to K, has, by
Example 8.2(b), a ring structure and, by Example 12.3(e), a vector space structure.
Moreover, ring multiplication and scalar multiplication are compatible in the sense
that

Af)-(pg) =) fg, ApeK, fgeK™.
This situation occurs frequently enough that it has its own name.

A K-vector space A together with an operation
AxA—A, (a,b)—a®b

is called an algebra over K if the following hold:
(A1) (A,+,0) is a ring.
(A2) The distributive law holds:

(Ma+pb) ®c=Xa®c)+puboc)
a®(MAb+ pe) =Aa®b)+ pla®e)

for all a,b,ce Aand A\, u € K.

For the ring multiplication © in A, we again write ab instead of a ® b. This leads
to no misunderstanding since it is always clear from context which multiplication
is intended. This notation is also justified by the distributive laws which hold in A.

In general, the algebra (that is, the ring (A, ®)) is neither commutative nor
contains a unity element.
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12.11 Examples (a) Let X be a nonempty set. Then K is a commutative
K-algebra with unity with respect to the operations of Example 8.2(b) and Ex-
ample 12.3(e).

(b) For m € N*, K[X1,...,X,,] is a commutative K-algebra with unity and
K[X1,...,Xm] is a subalgebra with unity.

(c) Let V be a K-vector space. Then End(V), with composition as ring multipli-
cation, is a K-algebra. Thus

ABz = A(Bx) xeV, A BeEndV),

and I :=idy is the unity element of End(V). In general, End(V'), the endomor-
phism algebra of V' is not commutative. m

12.12 Remark Let V be a K-vector space. Define a function
K[X]xEnd(V) - End(V), (p,A)— p(A)
by
p(A):=> prdF . p=> pX*. (12.11)
k k
One can easily show that, for A € End(V'), the function
K[X] = End(V), p—p(4)

is an algebra homomorphism, that is, it is compatible with all algebra operations. m

Difference Operators and Summation Formulas

We close this section with some applications illustrating the algebraic concepts introduced
above.

Let F be a vector space over K. On E" define the difference operator A by
Afni=fasr=fa, neN, fi=(n fu)€E".
Obviously A € End(EY). If T denotes the unity element of End(V'), then
(I+2D)fo=fay1, neN, feBE",

that is, I + A is the left shift operator. If we write f as a ‘sequence’, f = (fo, f1, f2,.-..),
then we have (I + A)f = (f1, f2, f3,...) and, by induction,

I+ D) fr = furn neN, feE", (12.12)

hence (I + A)*f = (f, frt1s frotzs---)-
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Applying the binomial theorem (Proposition 8.4) to the ring End(E") we get

k
AR = (T4 (T+10)" = Z(q)’“*j(?)(umf , keN,
=0
and so, by (12.12),
k
8 =30 (5)furs s kmeN, fep".
j=0

The binomial theorem also implies

I+ 0 :Z(l;)N

7=0

and so
k

fn+k:Z(';)Affn, neN, feE". (12.13)

j=0

From the last formula we get finally
m m k m m m
5SS (a3 (-3 v
k=0 k=0 j=0 j=0 k=3 pr AN

for m € N. Here we have changed the order of summation as in the proof of Proposi-
tion 8.12, and, in the last step, used Exercise 5.5. Changing the indexing slightly yields
the general summation formula

m—1 m
fo= (?)Aj_lfo, meN*, feEY. (12.14)

k=0 j=1

Newton Interpolation Polynomials

Let h € KX and z¢ € K. For each m € N* and f € KX there is, by Proposition 12.9, a
unique interpolation polynomial p := N,,[f; zo; h] of degree < m which satisfies

p($0+]h):f($0+]h), j:07"'7ma

that is, f and p have equal values at the equally spaced points xo,zo + h, ..., zo + mh.
Thus

N [f;xo; h] = N [f; 20,20 + h, ..., 20 +mh] .
By Remark 12.10(b), we can write N,,[f;zo;h] in the Newton form!

f’I07 Z r_[ _xk

1We make the convention that the ‘empty product’ H,Z:IO has the value 1.
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The following proposition shows that, in this case, the coefficients a; can be expressed
easily using the difference operators A?. To do so we define the divided difference oper-
ator Ay, of length h by

flz+h) - f(z)

. , rekK, feKk®.

Apf(z) =
Obviously, A, € End(K*). We set AJ := (A)? for j € N.

12.13 Proposition The Newton interpolation polynomial for a function f and equally
spaced points x;j := xo + jh, 0 < j < m has the form

N [f;2o; h] :iw ﬁ(X*l'k). (12.15)

|
j=0 J: k=0

Proof Using the notation of Remark 12.10, we need to show that j!a; = AJ f(zo) for
7 =0,...,m. Since

j—1

wjilzo, ..., xj—1](zk) = H(mk —z0)=k(k—1)---(k—j+ 1)hj =4! (f,)hi
£=0

for 0 < j < k < m, the system of equations from Remark 12.10(b) has the form
ao = f(xo)
ap + ha1 = f(a:l)

(12.16)
ag + 1! <T>ha1 + .- 4+ ml! (Z)hmam = f(zm) .

Now we prove the claim by induction. For m =0 the claim is clear. Suppose that
a; = A f(xo)/4! for 0 < j < n. For m =n + 1 it follows from (12.16) that

f@nsa) =D ! (nJ.r 1)thiLf.7,(x°) T (n+ DA an

- j !

= (12.17)
= Z(n j 1)Ajf0 + (n + 1)' hn+1an+1 s

=0

where, for n € N, we define fo € KN by fo(n) := f(zo + nh). By (12.13) we have

n n+1
3 O T S T
j=0 Jj=0

Since f(Zn+1) = fnt1, we get from (12.17) that
A" o= m+ 1) A" e,

and hence (n 4+ 1)! a1 = A7 f(x0). Thus the claim is true for each m € N. m
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12.14 Remarks (a) For f € KX, let
rmlfiwosh] := f = Nm[f;zo; h]

be the ‘error function’. By construction, f: K — K is ‘approximated’ by the interpolation
polynomial N,,[f;xo;h] so that the error is zero at the points zo + jh, 0<j <m. In
Section IV.3 we will see how the error can be controlled for certain large classes of
functions. In addition, we will show in Section V.4 that quite general functions can be
approximated ‘arbitrarily closely’ (in a suitable sense) by polynomials.

b) Obviously (12.15) also makes sense for arbitrary f € E¥, and
( y y ;

Nl f; zo; h)(25) = f(z5) , 0<j<m.

(c) A function f € E" is called an arithmetic sequence of order k € N* if A* f is constant,
that is, if A**'f =0. From (12.15) and Remark 8.19(c), it follows that, for each poly-
nomial p € Ki[X], each h € K* and each xo € K, the function N — K, n + p(xo + hn)
is an arithmetic sequence of order k. In particular, for each k£ € N, the ‘power sequence’
N — N, n — n”* is an arithmetic sequence of order k.

For arithmetic sequences of order k, the summation formula (12.14) has a simple

form:
k

n
fo:_z<i+1>ﬁf°’ neN.
j=0 =0
In particular, for the ‘power summations’ we have

= (nél) _ n(n; 1) 7

hE

0

2= (n—i—l) +2(n+1) _ n(n+1)6(2n+1)

M=y

)

= 2 3
35t e (e (" ) o) = L (5

which the reader can easily confirm. m

Exercises
In the following K is a field and E, E;, F, F;, 1 < j < m are vector spaces over K.

1 (a) Determine all subspaces of K.
(b) What is the dimension of C over R?

2 (a) Show that the projections pry : Ey X --+ X E;, — Ej and the canonical injections

ik: Ex > E1 X+ X By, x+—(0,...,0,2,0,...,0)
(k)

are linear and determine the corresponding kernels and images.
(b) Show that Ey = im(ik), 1 < k <m.
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3 Show that T: R* — R? (x,y) — (x —y,y — ) is linear. Determine the subspaces
ker(T') and im(T).

4 Suppose that the diagram below is commutative.

T

P Q
S

E1 Fl

If T, P and @ are linear and P is surjective, is S also linear?

5 Let X be a nonempty set and xo € X. Show that the function 8., : EX — E defined
b,
' 0ao(f) := flwo) ,  fEEY,
is linear.
6 Let E and F be finite dimensional. Show that dim(F x F) = dim(F) dim(F).
7 For T € Hom(E, F), prove that E/ker(T) 2 im(T).
8 Let xo,...,xTm € K be distinct. Show that the following Cauchy equations hold for the
Lagrange polynomials ¢; := {;[xo,...,Zm] € Kn[X]:
(2) Xjloty =1 (= X°).
(b) (X —y)" =7 oz — )", yeK, 1<k<m.
9 Show that, for distinct zo, ..., zm € K, the Lagrange polynomials ¢;, 0 < j < m, and
the Newton polynomials wj, 0 < j < m, form bases of K,,[X].
10 Let zo,...,xm € K be distinct and f € KX. Prove the following;:
(a) The coefficients a; of the Newton polynomials in Remark 12.10(b) are given by

- f(z;)
anp = =t = flro,...,Tn 0<n<m.

BY ikl I

= k#j
(b) The coefficients f[xo,...,Zn] are symmetric in their arguments. That is, if 0 <n <m
and o is a permutation of {0,1,...,n}, then f[zo,...,zn] = f[To(0),-- > Tom)]-
(©) [l wa] = L0 Tl = o ool oy oy

o — In

Remark Because of (c), the numbers f[zo,..., x| are easy to calculate recursively.

(Hint: (a) pa[f, o, .-, 2n] = Ln[f,®o, ..., Zn], 0<n <m.
(¢) pulfyzo,. yxn] =bo+b1(X —zn) + -+ + 0o (X —22)(X — 2n—1) -+ (X — 1) with
an = by for 1 < n < m. From this one can show that b, = f[zn,Zn-1,...,21] and
(Tn — 20)an + an—1 —bpn—1 =0.)

. k
11 For f € EV, show that f, = Z(—l)j(j)Ajfn+k_j, n € N.

Jj=0

(Hint: I = (I 4+ A) - A))
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12 For h € K* and k,m € N, show that A} € Hom (K [X], Km—_r[X]) where we set
K;[X] := 0 if j is negative.

What are the leading coefficients of AF X™?

13 Verify the identity >7_oj* = n(n+1)(2n 4 1)(3n® + 3n — 1)/30 for n € N.

14 Show that Q(v2) :=={a+bv2; a,b€ Q} (see Exercise 10.2) is a vector space
over Q. What is its dimension?

15 R can be considered as a vector space over the field Q(\/Q) Are 1 and V3 linearly
independent over Q(\/i)‘?

16 For m € N and an m + 1 element subset {zo,...,Zm} of K consider the function
e: Kn[X] — K™, p— (p(a:o), e 7p(xm)) .
Show that e is an isomorphism from K,,[X] to K™*'. What is e™'?

17 Let T: K — E be linear. Prove that there is a unique m € E such that T'(z) = xm
for all x € K.



Chapter 11

Convergence

With this chapter we enter at last the realm of analysis. This branch of mathemat-
ics is largely build upon the concept of convergence which allows us, in a certain
sense, to add together infinite sets of numbers (or vectors). This ability to consider
infinite operations is the essential difference between analysis and algebra.

The attempt to axiomatize naive ideas about the convergence of sequences of
numbers leads naturally to the concepts of distance, the neighborhood of a point,
and metric spaces — the subject of Section 1. In the special case of a sequence of
numbers we can exploit the vector space structure of K. An analysis of the proofs
in this situation shows that most can be applied to sequences of vectors in a vector
space, so long as some analog of absolute value is available. Thus we are naturally
led to define normed vector spaces, a particularly important class of metric spaces.

Among normed vector spaces, inner product spaces are distinguished by the
richness of their structure, as well as by the fact that their geometry is much like
the familiar Euclidean geometry of the plane. Indeed, for elementary analysis, the
most important classes of inner product spaces are the m-dimensional Euclidean
spaces R™ and C™.

In Sections 4 and 5 we return to the simplest situation, namely convergence
in R. Using the order structure, and in particular, the order completeness of R, we
derive our first concrete convergence criteria. These allow us to calculate the limits
of a number of important sequences. In addition, from the order completeness of R,
we derive a fundamental existence principle, the Bolzano-Weierstrass theorem.

Section 6 is devoted to the concept of completeness in metric spaces. Special-
ization to normed vector spaces leads to the definition of a Banach space. The basic
example of such a space is K™, but we also show that sets of bounded functions
are Banach spaces.

Banach spaces are ubiquitous in analysis and so play a central role in our
presentation. Even so, their structure is simple enough that a beginner can go
with little difficulty from understanding real numbers to understanding Banach
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spaces. Moreover, the early introduction of these spaces makes possible short and
elegant proofs in later chapters.

For completeness and for the general (mathematical) education of the reader,
we present in Section 6 Cantor’s proof of the existence of an order complete ordered
field using a ‘completion’ of Q.

In the remaining sections of this chapter, we discuss the convergence of series.
In Section 7 we learn the basic properties of series and discuss the most important
examples. We are then able to investigate the decimal and other representations of
real numbers, which enables us to prove that the real numbers form an uncountable
set.

Among convergent series, those which converge absolutely play a particularly
important role. Absolute convergence is often easy to recognize and such series
are relatively easy to manipulate. Moreover, many series which are important in
practice converge absolutely. This is particularly true about power series which
we introduce and study in the last section of this chapter. The most important of
these is the exponential series, whose significance will become clear in following
chapters.
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1 Convergence of Sequences

In this section we consider functions which are defined on the natural numbers and
hence take on only a countable number of values. For such a function ¢ : N — X,
we are particularly interested in the behavior of the values ¢(n) ‘as n goes to
infinity’. Because we can evaluate ¢ only finitely many times, that is, we can never
‘reach infinity’, we must develop methods which allow us to prove statements about
infinitely many function values ‘near infinity’. Such methods form the theory of
convergent sequences, which we present in this section.

Sequences

Let X be a set. A sequence (in X) is simply a function from N to X. If p: N — X
is a sequence, we write also

(xn)V (mn)HGN or ($0,$1,£L'27...)

for ¢, where z,, := (n) is the n'® term of the sequence ¢ = (zq, 21,72, ...).

Sequences in K are called number sequences, and the K-vector space K
of all number sequences is denoted by s or s(K) (see Example 1.12.3(e)). More
precisely, one says (x,,) is a real (or complex) sequence if K =R (or K = C).

1.1 Remarks (a) It is vital to distinguish a sequence (z,) from its image
{z, ; n € N}. For example, if z, = € X for all n, that is, (z,) is a constant
sequence, then (x,,) = (z,z,z,...) € X" whereas { ,, ; n € N} is the one element
set {x}.

(b) Let (x,) be a sequence in X and FE a property. Then we say that E holds
for almost all terms of (x,,) if there is some m € N such that E(xz,) is true for all
n > m, that is, if E holds for all but finitely many of the x,,. Of course, F(z,)
could also be true for several (or all) n < m. If there is a subset N C N with
Num(N) = oo and E(z,,) is true for each n € N then FE is true for infinitely many
terms. For example, the real sequence

11 11 1 1
_5747 _37 27 _]-7 07 TRt e A EY YT 8 Y. 40" )
( 2°'3" 4°5 2n" 2n + 1
has infinitely many positive terms, infinitely many negative terms, and has absolute
value less than 1 for almost all terms.

(¢) For m € N*| a function % : m + N — X is also called a sequence in X. That
is, (2;)j>m = (Tm; Tm41, Tm2,-..) 1S a sequence in X even though the indexing
does not start with 0. This convention is justified, since after ‘re-indexing’ using the
function N — m + N, n — m + n, the ‘shifted sequence’ (z;);>, can be identified
with the (usual) sequence (2, %)reny € X m
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If one graphs the first few terms iR
of the complex sequence (zy,),>1 defined A
by zn:= (1 —1/n)(1+14), one observes .
that, as n increases, the points z, get .z
‘arbitrarily close’ to z := 1 4 4. In other ®
words, the distance from z,, to z becomes ®
‘arbitrarily small” with increasing n. The °
goal of this section is to axiomatize our z2
intuitive and geometrical ideas about the
convergence of such number sequences so
that they can be applied to sequences in
vector spaces and in other more abstract z1
sets.

First we recognize that the concept of distance is of central importance.
In K we can, with the help of the absolute value function, determine the distance
between two points. To investigate the convergence of sequences in an arbitrary
set X, we first need to endow X with a structure which permits the ‘distance’
between two elements in X to be determined.

Metric Spaces

Let X be aset. A function d: X x X — R is called a metric on X if the following
hold:

(My) dz,y) =0 >z =y,

(M) d(z,y) =d(y,x), x,y € X (symmetry).

(Ms) d(z,y) <d(z,z)+d(z,v), z,y,z € X (triangle inequality).

If d is a metric on X, then (X, d) is called a metric space. When the metric is clear
from context, we write simply X for (X,d). Finally we call d(z,y) the distance
between the points z and y in the metric space X.

The axioms (M;)—(Mjs) are clearly quite natural properties for a distance
function. For example, (M3) can be seen as an axiomatic formulation of the rule
that ‘the direct path from x to y is shorter than the path which goes from x to z
and then to 3.

In the metric space (X, d), for a € X and r > 0, the set
B(a,r) :==Bx(a,r):={z € X ; dla,x) <7}
is called the open ball with center at a and radius r, while
B(a,r) :==Bx(a,r):={z € X ; dla,z) <r}

is called the closed ball with center at a and radius r.
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1.2 Examples (a) K is a metric space with the natural metric
KxK—RY, (2,9)—|c—yl.

Unless otherwise stated, we consider K to be a metric space with the natural
metric.!

Proof The validity of (M;)—(Ms) follows directly from Proposition 1.11.4. m

(b) Let (X,d) be a metric space and Y a nonempty subset of X. Then the restric-
tion of d to Y x Y, dy :=d|Y x Y, is a metric on Y, the induced metric, and
(Y, dy) is a metric space, a metric subspace of X. When no misunderstanding is
possible, we write d instead of dy .

(c) Any nonempty subset of C is a metric space with the metric induced from the
natural metric on C. The metric on R induced in this way is the natural metric as
defined in (a).

(d) Let X be a nonempty set. Then the function d(z,y):=1 for x #y and
d(xz,x) := 0 is a metric, called the discrete metric, on X.

(e) Let (Xj,d;), 1 <j < m,be metric spaces and X := X7 x --- x X,;,. Then the
function

d(z,y) = max d;(z;,y;)
for z := (z1,...,2,) € X and y := (y1,...,Ym) € X is a metric on X called the
product metric. The metric space X := (X, d) is called the product of the metric
spaces (X, d;). One can check that

BX(a,T):HBXj(aj,T) , I@X(a,r):HBXj(aj,r)
Jj=1 j=1
for all @ := (a1,...,a;,) € X and 7> 0. m

An important consequence of the metric space axioms is the reversed triangle
inequality (see Corollary 1.11.5).

1.3 Proposition Let (X, d) be a metric space. Then for all x,y,z € X we have

Proof From (Mj3) we get the inequality d(z,y) > d(x, z) — d(y, z). Interchanging
z and y yields

d(x’y) = d(ya '7;) > d(ya Z) - d(l‘, Z) = _(d(xa Z) - d(ya Z)) >

from which the claim follows. m

1Note that, with this convention, the definitions of open and closed balls given above (as
applied to K) coincide with those of Section I.11.
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A subset U of a metric space X is called a neighborhood of a € X if there is
some r > 0 such that B(a,r) C U. The set of all neighborhoods of the point a is
denoted by U(a), that is,

U(a) :=Ux(a) :={U C X ; U is a neighborhood of a } C P(X) .

1.4 Examples Let X be a metric space and a € X.

(a) For each ¢ >0, B(a,c) and B(a,e) are neighborhoods of a called the open
and the closed e-neighborhoods of a.

(b) Obviously X is in U(a). If Uy, Uy € U(a), then U; NUs and Uy U Us are also
in U(a). Any U C X which contains a neighborhood of @ € X is also in U(a).

Proof By supposition there are r; > 0 with B(a,r;) C U; for j = 1,2. Define » > 0 by
r:=min{ry,r2}, then B(a,r) C Uy N Uz C Uy U Us. The other claims are clear. m

(c) For X :=0,1] with metric induced from R, [1/2,1] is a neighborhood of 1,
but not of 1/2. m

For the remainder of this section, X := (X, d) is a metric space and (x,) Is
a sequence in X.

Cluster Points

We call a € X a cluster point of (z,,) if every neighborhood of a contains infinitely
many terms of the sequence.

Before we consider some examples, it is useful to have the following charac-
terization of cluster points:

1.5 Proposition The following are equivalent:

(i) a is a cluster point of (x,).

(ii) For each U € U(a) and m € N, there is some n > m such that =, € U.
(iii) For each € > 0 and m € N, there is some n > m such that x,, € B(a,¢).

Proof This follows directly from the definitions. m
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1.6 Examples (a) The real sequence ((—1)”)n ey has two cluster points, namely,
1 and —1.

(b) The complex sequence (i"),en has four cluster points, namely, +1 and =+i.
(c) The constant sequence (z,z,x,...) has the unique cluster point z.
(d) The sequence of the natural numbers (n),cn has no cluster points.

(e) Let ¢ be a bijection from N to Q (such functions exist by Proposition 1.9.4).
Define a sequence (z,) by z, := ¢(n) for all n € N. Then all real numbers are
cluster points of (zy,).

Proof Suppose that there is some a € R which is not a cluster point of (z,). Then, by
Proposition 1.5, there are € > 0 and m € N such that

ZTn ¢ B(a,e) = (a—¢e,a+¢), n>m.

That is, the interval (a — £, a + ¢) contains only finitely many rational numbers. But this
is not possible because of Proposition 1.10.8. m

Convergence

A sequence (z,,) converges (or is convergent) with limit a if each neighborhood
of a contains almost all terms of the sequence. In this case we write?

lim z, =a or Tp — a (n— o0),
n—oo

and we say that (z,,) converges to a as n goes to co. A sequence (z,) which is not
convergent is called divergent and we say that (z,,) diverges.

The essential part of the definition is the requirement that each neighbor-
hood of the limit contains almost all terms of the sequence. This requirement
corresponds, in the case that X = K, to the geometric intuition that the distance
from x, to a ‘becomes arbitrarily small’. If a is a cluster point of (z,,) and U is
a neighborhood of a, then, of course, U contains infinitely many terms of the se-
quence, but it is also possible that infinitely many terms of the sequence are not
in U.

The next proposition is again simply a reformulation of the corresponding
definitions.

1.7 Proposition The following statements are equivalent:

(i) limx, = a.

(ii) ForeachU € U(a), there is some® N := N(U) such that x,, € U foralln > N.
(iii) For eache > 0, there is some® N := N(e) such that x,, € B(a,¢) foralln > N.

2When no misunderstanding is possible, we write also limy, z, = a, limz, = a or =, — a.
3We use this notation to indicate that the number N, in general, depends on U (or ¢).
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The following examples are rather simple. For more complicated examples
we need the methods to be developed starting in Section 4.

1.8 Examples (a) For the real sequence (1/n),cnx, we have lim(1/n) = 0.

Proof Let ¢ > 0. By Corollary 1.10.7, there is some N € N* such that 1/N < e. Then
1/n <1/N < e for alln > N, that is, 1/n € (0,¢) CB(0,e) foralln > N. m

(b) For the complex sequence (z,) defined by

n+2 . 2n
Zn = “+1

n+1 n+2

i

we have limz,, = 1+ 27.

Proof Let e > 0. By Corollary 1.10.7, there is some N € N such that 1/N < £/8. Then,
for all n > N, we have

n+27 1 <i<§<§
n+1 " n+l1 TN T8 T2
and
2 4 4
n+2 n+2 N 2
Consequently
) kL L P N
" Tln+1 n+2 4 4 ' =0

This shows that z, € IB%@((I + 21’)75) foralln > N. m
(c) The constant sequence (a,a,a,...) converges to a.
(d) The real sequence ((—1)”)neN is divergent.

(e) Let X be the product of the metric spaces (X;,d;), 1< j <m. Then the

sequence? (z,) = ((z}, ..., x;”))neN converges in X to the point a := (a,...,a™)
if and only if, for each j € {1,...,m}, the sequence (27,),en converges in X; to

CLj S Xj.

Proof For each given € > 0, almost all z,, are in Bx (a,¢) = [[]_, Bx,(a’,¢) if and only
if for each j = 1,...,m, almost all zJ, are in By, (a?,¢) (see Example 1.2(e)). m

4In the following we often write =/ := pr; (z) for z € X and 1 < j <m. Even in the case

X; =K it will be clear from context whether xJ is the component of a point in a product space
or a power of x.
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Bounded Sets

A subset Y C X is called d-bounded or bounded in X (with respect to the metric d)
if there is some M > 0 such that d(z,y) < M for all z,y € Y. In this circumstance
the diameter of Y, defined by

diam(Y) := sup d(z,y) ,
z,yeyY

is finite. A sequence (z,,) is bounded if its image { z,, ; n € N} is bounded.

1.9 Examples (a) For alla € X and r > 0, B(a,r) and B(a,r) are bounded in X.

(b) Each subset of a bounded set is bounded. Finite unions of bounded sets are
bounded.

(c) A subset Y of X is bounded in X if and only if there are some 2o € X and r > 0
such that Y C Bx (zg,r). If Y # () then there is some zy € Y with this property.

(d) Bounded intervals are bounded.
(e) A subset Y of K is bounded if and only if there is some M > 0 such that
lyy < M forallyeY.m

1.10 Proposition Any convergent sequence is bounded.

Proof Suppose that z,, — a. Then there is some N such that z,, € B(a, 1) for all
n > N. It follows from the triangle inequality that

d(Tpy Tm) < d(p,a) +dla,xm) <2, m,n > N .

Since there is also some M > 0 such that d(x;,z;) < M for all j,k < N, we have
d(Tpy Tm) < M 42 for all m,n € N. m

Uniqueness of the Limit

1.11 Proposition Let (z,,) be convergent with limit a. Then a is the unique cluster
point of (zy,).

Proof Tt is clear that a is a cluster point of (z,). To show uniqueness, suppose
that b # a is some point of X. Then, by (M;), e :=d(b,a)/2 is positive. Since
a = lim x,,, there is some N such that d(a,z,) < ¢ for all n > N. Proposition 1.3
then implies that

d(b,x,) > |d(b,a) — d(a,z,)| > d(b,a) —d(a,z,) >2e —e=¢, n>N.

That is, almost all terms of (x,,) are outside of B(b, €). Thus b is not a cluster point
of (z,,). m
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1.12 Remark The converse of Proposition 1.11 is false, that is, there are divergent
sequences with exactly one cluster point, for example, (%, 2, %, 3, %, 4,.. ) ]
As a direct consequence of Proposition 1.11 we have the following:

1.13 Corollary The limit of a convergent sequence is unique.

Subsequences

Let ¢ = (z,,) be a sequence in X and ¢ : N — N a strictly increasing function.
Then po1) € XN is called a subsequence of ¢. Extending the notation (x,)nen
introduced above for the sequence ¢, we write (2, )xen for the subsequence ¢ o )
where ny, := (k). Since 1 is strictly increasing we have ng < ny < ng < ---.

1.14 Example The sequence ((71)”)71 N has the two constant subsequences,

(=1)%),en = (1, 1,1,..) and ((—1)%F*1) -1,-1,-1,...). =

) )

ken = (
1.15 Proposition If (z,) is a convergent sequence with limit a, then each subse-
quence (Tp, )ken of (zy,) is convergent with limy_, oo p, = a.

Proof Let (2, )ren be a subsequence of (x,,) and U a neighborhood of a. Because
a = lim x,,, there is some N such that x,, € U for all n > N. From the definition of
a subsequence, ng > k for all k € N, and so, in particular, ny > N for all £k > N.
Thus z,, € U for all k > N. This means that (z,,) converges to a. m

1.16 Example For m > 2,

k—mHO (k — oc0) and #HO (k — 00) .

Proof Set 11 (k) := k™ and t2(k) := m” for all k € N*. Since t; : NX — N*| §=1,2,
are strictly increasing, (k™™)zenx and (m™F),cyx are subsequences of (1/n),cyx. The
claim then follows from Proposition 1.15 and Example 1.8(a). m

The next proposition provides a further characterization of the cluster points
of a sequence.

1.17 Proposition A point a is a cluster point of a sequence (z,,) if and only if
there is some subsequence (x,, )xen of (2,,) which converges to a.

Proof Let a be a cluster point of (z,,). We define recursively a sequence of natural
numbers (ng)ken by

ng:=0, ng ::min{mEN; m > ng_1, meB(a,l/k)}, ke N* .
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Since a is a cluster point of (), the sets
{meN; m>ng_y, z,m €B(a,1/k) }, keN* |

are nonempty. By the well ordering principle, ny, is well defined for each k € N*.
Thus ¥ : N — N, k> ny is well defined and strictly increasing.

We next show that the subsequence (z,, )ren converges to a. Let € > 0. By
Corollary 1.10.7 there is some K := K(g) € N* such that 1/k < ¢ for all k > K.
By the construction of n; we have

Zn, € B(a,1/k) C B(a,e) , kE>K .

Thus ¢ = limg o0 T, -

Conversely, let (2, )ken be a subsequence of (z,,) such that a = limy_,00 @, -
Then, by Proposition 1.11, a is a cluster point of (2, )ren and hence also of (z,,). m

Exercises

1 Let d be the discrete metric on K and X := (K, d).
(a) Give explicit descriptions of Bx (a,r) and Bx(a,) for a € X and r > 0.
(b) Describe the cluster points of an arbitrary sequence in X.

(c) For a € X, describe all sequences (z,) in X such that z, — a.
2 Prove the claims of Example 1.2(e).

3 Prove that the sequence (zn)n>1 where z, := (1 —1/n)(1+4) converges to 1+14
(as suggested by the graph following Remarks 1.1).

4 Prove the claims of Examples 1.9.

5 Determine all cluster points of the complex sequence (z,) in the following cases:
(a) 2n := ((L+14)/V2)".
() zn = (1+ (=1)")(n+ )n~" + (=1)".
(¢) zn :==(—1)"n/(n+1).
6 For n € N, define
R S i et
n = A D) )
where k € N* satisfies
K +k—2<2n<k’ +3k—2.
Show that (ay) is well defined and determine all cluster points of (a,). (Hint: Calculate
the first few terms of the sequence explicitly to understand the complete sequence.)

7 For m,n € N*, define

Show that (N*,d) is a metric space and describe A, := B(n,14 1/n) for n € N*.
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8 Let X :={z€C; |z| <3} with the natural metric. Describe Bx (0, 3) and Bx (2,4).
Show that Bx(2,4) C Bx (0, 3).

9 Two metrics di and d2 on a set X are called equivalent if, for each z € X and € > 0,
there are positive numbers r; and r2 such that

Bi(z,71) C Ba(w,e) , Ba2(w,r2) C Bi(x,e) .
Here B; denotes the ball in (X,d;), 7 =1,2. Now let (X,d) be a metric space and

_ _d=zy)
6($7y) _1+d($,y) ) nyyEX

Prove that d and ¢ are equivalent metrics on X. (Hint: The function ¢ — ¢/(1 +¢) is
increasing.)

10 For X :=(0,1), prove the following:

(a) d(z,y) :=|(1/z) — (1/y)] is a metric on X.

(b) The natural metric and d are equivalent.

(¢) There is no metric on R which is equivalent to the natural metric and which induces

the metric d on X.

11 Let (Xj,d;), j=1,...,n, be metric spaces, X := X; X --- x X, and d the product
metric on X. Show that

n

§(m7y)::2dj(xj7yj)7 IBZ:('Tl,...7ZEn)€X7 y::(ylv"'yyn)er

=1
is a metric on X which is equivalent to d.

12 For z,w € C, set

8z, w) = |z —wl, if z = Aw for some A >0,
= |z] + |w| otherwise .

Show that § defines a metric on C, the SNCF-metric.®

13 Let (z5) be a sequence in C with Rez, = 0 for all n € N. Show that, if (z,) converges
to x, then Rez = 0.

5Users of the French railway system (the SNCF) will have noticed that the fastest connection
between two cities (for example, Bordeaux and Lyon) often goes through Paris.
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2 Real and Complex Sequences

In this section we derive the most important rules for calculating with convergent
sequences of numbers. If we interpret these sequences as vectors in the vector space
s=s(K) = K", these rules show that the convergent sequences form a subspace
of s. In the case of real sequences, we use the order structure of R to derive the
comparison test which is the main tool for investigating convergence in s(R).

Null Sequences

A sequence (z,) in K is called a null sequence if it converges to zero, that is, if,
for each € > 0, there is some N € N such that |z, | < e for all n > N. The set of
all null sequences in K we denote by cg, that is,

co = co(K) := { (zn) € s ; (x,) converges with limz, =0} .

2.1 Remarks Let (z,) be a sequence in K and a € K.

(a) (zn) is a null sequence if and only if (|z,]), the sequence of absolute values, is
a null sequence in R.

Proof This comes directly from the definition. m

(b) (x,) converges to a if and only if the ‘shifted sequence’ (z, —a) is a null
sequence.

Proof From Proposition 1.7 we know that (x,) converges to a if and only if, for each
€ >0, there is some N such that |z, —a| < e for all n > N. Hence the claim follows
from (a). m

(c) If there is a real null sequence (r,) such that |z,| < r, for almost all n € N
then (x,,) is a null sequence.

Proof Let e > 0. By assumption there are M, N € N such that |z,| < r, for all n > M
and r, < ¢ for all n > N. Consequently |z,| < € for all n > max{M,N}. m

Elementary Rules

2.2 Proposition Let (z,,) and (y,) be convergent sequences in K with limz,, = a
and limy, =b. Let a € K.

(i) The sequence (x, + yn) converges with lim(z, + y,) = a + b.

(ii) The sequence (axy) converges with lim(ax,) = aa.

Proof Let e > 0.
(i) Because z,, — a and y,, — b, there are M, N € N such that |z, — a| < £/2



142 II Convergence

for all n > M, and |y, — b|] < ¢/2 for all n > N. Hence
|20 + Y — (a+ )| < |20 — al + |yn — D] <§+%:€, n > max{M, N} .
This shows that (z, + y,) converges to a + b.

(ii) Since the case a =0 is obvious, we suppose that a # 0. By assump-
tion (z,) converges with limit a. Thus there is some N such that |z, — a| < /|
for all n > N. It follows that

\axn—oza|:|oz\|xn—a\§|a\ﬁ:5, n>N,
«

which proves the claim. m

2.3 Remark Denote the set of all convergent sequences in K by
c:=c(K):={(z,) €s; (x,) converges } .
Then Proposition 2.2 has the following interpretation:

c is a subspace of s, and the function
lim: c =K, (z,) — limz,

is linear.

Clearly ker(lim) = ¢g, and so, by Example 1.12.3(c), c¢g is a subspace of c. m

The next proposition shows, in particular, that convergent sequences can be
multiplied ‘termwise’.

2.4 Proposition Let (x,,) and (y,) be sequences in K.

(i) If (xy,) is a null sequence and (y,) is a bounded sequence, then (x,y,) is a
null sequence.

(ii) Iflimx, = a and limy,, = b, then lim(x,y,) = ab.

Proof (i) Since (yy) is bounded, there is some M > 0 such that |y,| < M for all
n € N. Since (z,,) is a null sequence, for each ¢ > 0, there is some N € N such that
|z,| < e/M for all n > N. It now follows that

€

.MM:es7 n>N.

|Tnyn| = |Tn| lyn| <

Thus (z,y,) is a null sequence.

(ii) Since z,, — a, (z, — a) is a null sequence. By Proposition 1.10, (y,) is
bounded. From (i), (2, —a)yn),  is a null sequence. Since (a(yn — b)), i
also a null sequence, Proposition 2.2 implies that

TnYn —ab= (x, — a)yn + aly, —b) = 0 (n — 00) .

Therefore the sequence (z,y,) converges to ab. m
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2.5 Remarks (a) The hypothesis in Proposition 2.4(i), that the sequence (y,,) is
bounded, cannot be removed.

Proof Let z, := 1/n and y, := n? for all n € N*. Then (z,) is a null sequence but the
sequence (Znyn) = (n)nen is divergent. m

(b) From Example 1.12.11(a) we know that s = s(K) = K is an algebra (over K).
So, with Remark 2.3, Proposition 2.4(ii) can be reformulated as follows:

c Iis a subalgebra of s and the function

lim: ¢ — K is an algebra homomorphism .

Finally, it follows from Proposition 1.10 and Proposition 2.4(i) that ¢ is also an
ideal of c. m

The next proposition and Remark 2.5(b) show that the limit of a sequence of
quotients is the limit of the numerators divided by the limit of the denominators,
if these limits exist.

2.6 Proposition Let (z,,) be a convergent sequence in K with limit a € K*. Then
almost all terms of (x,) are nonzero and 1/x, — 1/a (n — o).

Proof Since |a| > 0, there is some N € N such that |z, — a| < |a|/2 for alln > N.
Hence, by the reversed triangle inequality,

al = leal <le—al <3, n2 N

that is, |x,,| > |a|/2 > 0 for almost all n. This proves the first claim. It also follows
from |x,| > |a|/2 that
‘ 1 1 ‘ _zp —al 2

< —lzx, —a|, n>N. (2.1)

zo al eallal  Jaf?

By hypothesis and Remark 2.1(b), (|z, — a|) is a null sequence, and so, by Proposi-

tion 2.2, (2|z, — al/|al?) is also a null sequence. The claim then follows from (2.1)
and Remarks 2.1(b) and (c). m

The Comparison Test

We investigate next the relationship between convergent real sequences and the
order structure of R. In particular, in Proposition 2.9 we derive the comparison
test, a simple, but very useful, method of determining the limits of real sequences.

2.7 Proposition Let (x,,) and (y,) be convergent sequences in R such that z,, < yp,
for infinitely many n € N. Then

limz, <limy, .
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Proof Set a:=limx, and b:=limy, and suppose, contrary to our claim, that
a > b. Then € := a — b is positive and so there is some n € N such that

a—e/d <z, <y, <b+e/d,

that is, e = a — b < /2, which is not possible. m

2.8 Remark Proposition 2.7 does not hold for strict inequalities, that is, z,, < yn
for infinitely many n € N does not imply that lim z,, < limy,,.

Proof Let z,:= —1/n and y, :=1/n for all n € N*. Then z, < y, for all n € N*,
but limz,, =limy, =0. m

2.9 Proposition  Suppose that (), (yn) and (z,) are real sequences with the
property that x, <y, < z, for almost alln € N. If lim x,, = lim z,, =: a, then (y,,)
also converges to a.

Proof Let mg be such that z, <y, < z, for all n > mg. Given € > 0, let my
and ms be such that

Tp>a—€E, N>MmM and Zn<a+e, n>mo.
Set N := max{mg, my,m2}. Then
a—e<zp <Yy <zp<a+e, n>N,

that is, almost all terms of (y,,) are in the e-neighborhood B(a,¢) of a. m

Complex Sequences

If (x,) is a convergent sequence in R with lim x,, = a, then lim|z,| = |a|. Indeed,
if (x,) is a null sequence, then this is Example 2.1(a). If a > 0, then almost all terms
of (x,,) are positive (see Exercise 3), and so lim |z, | = limx,, = a = |a|. Finally, if
a < 0, then almost all terms of the sequence (z,) are negative, and we have

lim |z, | =lim(—z,) = —limz, = —a = |a .
The next proposition shows that the same is true of complex sequences.

2.10 Proposition Let (x,,) be a convergent sequence in K such that limz,, = a.
Then (|z,|) converges and lim |x,,| = |a].

Proof Let € > 0. Then there is some N such that |z, —a| <e for all n > N.
From the reversed triangle inequality we have

||a:n|—|a\|§|xn—a|<s, n>N .

Thus |z, | € Br(|a|,€) for all n > N. This implies that (|z,|) converges to |a|. m
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Convergent sequences in C can be characterized by the convergence of the
corresponding real and imaginary parts.

2.11 Proposition For a sequence (x,,) in C the following are equivalent:
(i) (x,,) converges.
(ii) (Re(w,)) and (Im(z,)) converge.

In this circumstance,
limz,, = limRe(z,,) + ¢ imIm(z,,) .
Proof ‘(i)=-(ii)’ Suppose that (x,) converges with x =limxz,. Then, by Re-
mark 2.1(b), (Jz, — |) is a null sequence. From Proposition 1.11.4 we have
|Re(xy) — Re(x)| < |xpn — 2| .

By Remark 2.1(c), (Re(z,)— Re(z)) is also a null sequence, that is, (Re(z))
converges to Re(z). Similarly (Im(x,)) converges to Im(z).

‘(ii)=>(i)’ Suppose that (Re(z,)) and (Im(z,,)) converge with a := lim Re(z,)
and b := lim Im(z,). Set « := a + ib. Then

|z, — 2| = /| Re(z,) — al?2 + | Im(z,) — b|2 < |Re(x,) — a| + | Im(z,) — b] .
It follows easily from this inequality that (z,,) converges to z in C. m

We close this section with some examples which illustrate the above propo-
sitions.

1
2.12 Examples (a) lim ni2 =
n—oo N,

Proof Write (n+1)/(n + 2) in the form (1 + 1/n)/(1+ 2/n). Since

1.

lim(1+1/n) =lim(1 +2/n) =1

(why?), the claim follows from Propositions 2.4 and 2.6. m

2
(b) lim< 2 >—2i.

nooo \ @n+1)2 T n2+1

Proof Let
3n on?

n+12 Ty

Write the real part of xz,, in the form

neN.

In =

3/n
(2+1/n)* "
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Since lim(2 + 1/n) = 2, it follows from Proposition 2.4 that lim(2 + 1/n)? = 4. Since
(3/n) is a null sequence, we have from Propositions 2.4 and 2.6 that

3n

Re(zn) =
By Example 1.8(a) and Proposition 2.6, the sequence of the imaginary parts of x,, satisfies

on? . 2
n2+1" 1+1/n2

—2 (n—o00).

The claim now follows from Proposition 2.11. m

1+in
Proof We write

(c) < ’ ) is a null sequence in C.

-1

7 1 "

== N* .
1+in ni+1/n’ ne
Then, by Proposition 2.4, it suffices to show that the sequence (i"/(i +1/n)) _ is
bounded. Since
1 1
‘i+f‘:\/1+—2217 neN*
n n

we get the inequality

‘ " ‘ [i" 1

- = = = — <1, neN* |
i+1/n i +1/n| |i+1/n| —

which shows the claimed boundedness. ®

Exercises

1 Determine whether the following sequences (z,) in R converge. Calculate the limit in
the case of convergence.

(a) T :=vn+1—+/n.
(b) 0 = (~1)"ya(VA T T — v/n).

_142434--+n n

(c) zn : — — 5
@) oy o 2V = (1 )0
1—1/n2—1/\n

(e) , := (100 + 1/n)2.
2 Using the binomial expansion of (14 1)", prove that (n®/2") is a null sequence.

3 Let (z,) be a convergent real sequence with positive limit. Show that almost all terms
of the sequence are positive.
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4 Let (z;) be a convergent sequence in K with limit a. Prove that

n
.1
lim fE Tj=a.
n—oo M

j=1

5 For m € N*| consider K™ to be a metric space with the product metric (see Exam-
ple 1.2(e)). Let
s(K™) := Funct(N,K™) = (K™)"

and

c(K™) :={ (zn) € s(K™) ; () converges } .
Show the following:
(a) ¢(K™) is a subspace of s(K™).
(b) The function

lim: ¢(K™) = K™, (zn)+— lim (z,)

is linear.

(c) Let (An) € ¢(K) and (zn) € ¢(K™) be such that A, — o and z,, — a. Then \,z, — aa
in K™ (Hint: Example 1.8(e)).

6 Let (z,) be a convergent sequence in K with limit a. Let p,q € K[X] be such that
g(a) # 0. Prove that, for the rational function r := p/q, we have

r(xzn) = r(a) (n— 00) .

In particular, for each polynomial p, the sequence (p(xn)) converges to p(a).

neN
7 Let (z5) be a convergent sequence in (0, 0o) with limit = € (0, c0). For r € Q prove that
(zn)" — 2" (n— 00).

(Hint: For » = 1/q, let yn := ()" and y := z". Then

by Exercise 1.8.1.)

8 Let (x,) be a sequence in (0,00). Show that (1/z,) is a null sequence if and only if,
for each K > 0, there is some N such that z,, > K for alln > N.
9 Let (an) be a sequence in (0, 00) and

n

T, 1= Z(ak—s—l/ak) , neN.
k=0

Show that (1/z,) is a null sequence. (Hint: For a > 0, show that a + 1/a > 2 (see Exer-
cise 1.8.10). Now use Exercise 8.)
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3 Normed Vector Spaces

In this section we consider metrics on vector spaces. We want, of course, that
such metrics be compatible with the vector space structure, and so we begin by
investigating the vector space R? for which we already have a concept of distance.
Specifically, if we denote the length of a vector # in R? by ||z||, then the distance
between two points x,y € R? is ||l —y||. We will see later that this defines a metric
on R? (see Remark 3.1(a)). As well as this relationship to the metric, the function
x +— ||z|| has certain properties with respect to the vector space structure:

First we note that the length of a vector in R? is nonnegative, that is, ||z|| > 0
for all 2 € R?, and that the only vector of zero length is the zero vector.

For z € R? and a > 0, we can view ax as the vector z stretched (or shrunk)
by the factor .. If @ < 0, then ax is x stretched (or shrunk) by the factor —a and
then reversed in direction.
5x/2 z 0 —2z

Il
T

In either case, the length of the vector ax is ||az| = |o ||z

Finally, for all vectors z and y in R?, we have
the triangle inequality, ||z + y|| < ||lz]| + |ly]|. Y

These three properties suffice for ||z — y|| to =
be a metric on R?. Since they also generalize easily
to arbitrary vector spaces, we are led naturally to

T+y
the following definition of a normed vector space.
Norms
Let E be a vector space over K. A function ||-||: E — R¥ is called a norm if the
following hold:
(N1) ||lz]| =0<=z=0.
(N2) ||IAz]| = |Al||lz]], =€ E, X €K (positive homogeneity).
(N3) [l +yll < llzll +llyll, 2,y € E (triangle inequality).
A pair (E,||-||) consisting of a vector space E and a norm ||-|| is called a normed

vector space.! If the norm is clear from context, we write E instead of (E, ||-]|).

3.1 Remarks Let E := (E,||-||) be a normed vector space.
(a) The function
d:EXEHR-i_a (Z,y)HHl’*yH

is a metric on F, the metric induced from the norm. Hence any normed vector
space is also a metric space.

1Unless otherwise stated, a vector space is henceforth assumed to be a K-vector space.
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Proof The axioms (M1) and (Mz2) follow immediately from (N1) and (N2). The axiom
(Ms) follows from (N3) since

d(z,y) = |z -yl = ll(z = 2) + =l < [l = 2l + [[z — yll = d(=,2) + d(z,y)
forall z,y,z € E. m

(b) The reversed triangle inequality holds for the norm:
o=yl = [z = llyl| .  zyeE.

Proof Proposition 1.3 implies the reversed triangle inequality for the induced metric.
Hence

o = yll = d(z,y) > |d(,0) — d(0,y)| = [l|=]| - [lyll
forallz,y € E. m
(c) Because of (a), all statements from Section 1 about metric spaces hold also

for E. In particular, the concepts ‘neighborhood’, ‘cluster point’ and ‘convergence’
are well defined in F.

For example, the convergence of a sequence (x,) in E with limit 2 has the
meaning
Tp = NME<Ve>03INeN: |z, —z||<eVn>N.
Further, a review of Section 2 shows that any statement whose proof does not use

the field structure or order structure of K, holds also for sequences in E.

In particular, Remarks 2.1 and Propositions 2.2 and 2.10 hold in any normed
vector space. m

Balls

For a € E and r > 0, we define the open and closed balls with center at a and
radius r by
Bg(a,7) :=B(a,7) :={z€E; |[z—a| <r}

and - -
Bg(a,r) :=B(a,r):={z € E; |lr—al| <r}.

Note that these definitions agree with those for the metric space (E,d) when d is
induced from the norm. We write also

B:=B(0,1)={zcFE; |z| <1} and B:=B0,1)={zcE; |z| <1}
for the open and closed unit balls in E. Using the notation of (I.4.1) we have

rB=B(0,r), rB=B(0,r), a+rB=B(a,r), a+rB=DB(a,r).
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Bounded Sets

A subset X of E is called bounded in E (or norm bounded) if it is bounded in the
induced metric space.

3.2 Remarks Let E := (E,||-||) be a normed vector space.

(a) X C F is bounded if and only if there is some r > 0 such that X C rB, that
is, ||z|| < r for all x € X.

(b) If X and Y are nonempty bounded subsets of E, then so are X UY, X +7Y,
and AX with \ € K.

(c) Example 1.2(d) shows that, on each vector space V, there is a metric with
respect to which V' is bounded. But, if V' is nonzero, then (Ng) implies that there
is no norm on V with this property. m

Examples

We now define suitable norms for the vector spaces introduced in Section 1.12.

3.3 Examples (a) The absolute value |-| is a norm on the vector space K.

Convention Unless otherwise stated, we will henceforth consider K to be a
normed vector space with norm as above.

(b) Let F be a subspace of a normed vector space E := (E, ||-||). Then the restric-
tion ||| :=||-||| F of ||-|| to F is a norm on F. Thus F := (F, ||-||r) is a normed
vector space with this induced norm. When no confusion is possible, we use the
symbol ||-|| for the induced norm on F.

(c) Let (Ej,|-]l;), 1 <j < m, be normed vector spaces over K. Then

|z]|oo := max |z]|; , x=(21,...,&m) EE:=FE; X - X En , (3.1)
1<j<m

defines a norm, called the product norm, on the product vector space E. The
metric on F induced from this norm coincides with the product metric from Ex-
ample 1.2(e) when d; is the metric induced on E; from ||-||;.

Proof It is clear that (N1) is satisfied. From the positive homogeneity of ||-||; for each
AeKand z € E we get

Malloo = max [IAzll; = max Allla;ll, = 1A max ol = Al |

and hence (N2) holds. Finally, it follows from =z +y = (1 + y1,...,Zm + Ym) and the
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triangle inequality for the norms ||-||; that
o+ yloe = max s+ wslly < s (sl + sll) < el + yloc

for all z,y € E, that is, (N3) holds. Consequently (3.1) defines a norm on the product
vector space E. The last claim is clear. m

(d) For m € N*, K™ is a normed vector space with the maximum norm

|| oo := ax ;] , x=(T1,...,2m) EK™.

In the case m = 1, (K1;|'|oo) =K |)=K

Proof This is a special case of (c). m

The Space of Bounded Functions

Let X be a nonempty set and (E,||-||) a normed vector space. A function v € EX
is called bounded if the image of v in E is bounded. For u € EX, define

[ulloo = [lufloo x = sup lu(@)|l € RT U {oo} . (3.2)

3.4 Remarks (a) For u € EX| the following are equivalent:
u is bounded.

u(X) is bounded in E.

There is some r > 0 such that |ju(z)|| < r for all z € X.

1

(ii

(iii
(iv

(b) Clearly id € K* is not bounded, that is, ||id||oc = co. m

(1)
)
)
)

[ufloo < 00

Remark 3.4(b) shows that |||« may not be a norm on the vector space EX
when FE is not trivial. We therefore set

B(X,E) := {uEEX ; wis bounded} ,

and call B(X, F) the space of bounded functions from X to E.

3.5 Proposition B(X, F) is a subspace of EX and ||« is a norm, called the
supremum norm, on B(X, E).

Proof The first statement follows from Remark 3.2(b). By Remark 3.4(a), the
function ||-||e : B(X, E) — RT is well defined. Axiom (N;) for ||-||s follows from

[ulloo =0 <= (Ju(z)]| =0, v € X) < (u(z) =0, z€X) <« (u=0in EX) .
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Here we have, of course, used the fact that ||-|| is a norm on E. For u € B(X, E)
and a € K, we have

loeulloe = sup{ [lau(z)] ; = € X } = sup{ |al[Ju(z)] ; = € X } = |af[Jull, -

Thus |||l satisfies also (N3).

Finally, for all u,v € B(X, F) and = € X, we have |Ju(z)|] < ||u/loo and also
[lo(@)]] < ||v]|oo- Thus

[t + [l = sup{ lu(z) + v(2)|| ; z € X }
< sup{ lu(z)|| + Jv(@)| 5 = € X} < leeloo + V] oo

and so || || satisfies the axiom (N3). m

Convention Henceforth, B(X, E) denotes the space of bounded functions
from X to E together with the supremum norm |||, that is,

3.6 Remarks (a) If X := N, then B(X, E) is the normed vector space of bounded

sequences in E. In the special case E :=K, B(N,K) is denoted by ¢, that is,
Lo = Lo (K) := B(N,K)

is the normed vector space of bounded sequences with the supremum norm

[(@n)lloo =sup|za| ,  (2a) € b -
neN

(b) Since, by Proposition 1.10, any convergent sequence is bounded, it follows
from Remark 2.3 that ¢y and ¢ are subspaces of /... Thus ¢y and ¢ are normed
vector spaces with respect to the supremum norm and ¢y C ¢ C {4, as subspaces.

(¢) If X ={1,...,m} for some m € N*, then
B(X,E) = (B |[-ll)

where |||/ is the product norm of Example 3.3(c) (with the obvious identifica-
tions). Thus the notation here and in Example 3.3(c) are consistent. m
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Inner Product Spaces

We consider now the normed vector space E := (R?,|-|s). In view of the above
notation, the unit ball of F is

Br={2€R’; |2/ <1} ={(z1,22) ER*; 1 <ay,25<1} .

Thus Bg is a square in the plane with sides R
of length 2 and center 0. In any normed vector

space (F,||-|]), the set {x € F'; ||z|| =1}, that is, 1
the ‘boundary’ of the unit ball, is called the unit
sphere in (F,|-||). For our space E, this is the
boundary of the square in the diagram. Every point
on this unit sphere is 1 unit from the origin. This
distance is, of course, measured in the induced met-
ric |'|oo and so the geometric appearance of the -1
‘ball” and ‘sphere’ may be contrary to our previous

experience. In school we learn that we get ‘round’ circles if the distance between a
point and the origin is defined, following Pythagoras, to be the square root of the
sum of the squares of its components (see also Section I.11 for B¢). We want to
extend this idea of distance to K™ by defining a new norm on K™, the Euclidean
norm, which is important for both historical and practical reasons. To do so, we
need a certain amount of preparation.

»
»

v
~

Let E be a vector space over the field K. A function
([):ExE—-K, (2,9)~ (z[y) (3.4)

is called a scalar product or inner product on F if the following hold:?

(SP1) (z]y) = (y[z), =,y € E.

(SP2) (Az+ pylz) = Mz|2) + ulyl|z), z,y,z€ E, \,peK.

(SP3) (z]|z) >0, x € E, and (z|z) =0<= 2 =0.

A vector space E with a scalar product (-]-) is called an inner product space
and is written (E,(-]-)). Once again, when no confusion is possible, we write F

for (E7 (- ))
3.7 Remarks (a) In the real case K=R, (SP;p) can be written as

(zly) = (y|z), =z,y€kE.

In other words, the function (3.4) is symmetric when E is a real vector space. In
the case K = C, the function (3.4) is said to be Hermitian when (SP;) holds.

2If K =R, then @ := o and Rea := « for all & € R by Proposition I.11.3. Thus we can ignore
the complex conjugation symbol and the symbol Re in the following definition.
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(b) From (SP;) and (SP3) it follows that
(lhytpz) = Xaly) 4]z, wyzeE. ApcK,  (35)

that is, for each fixed x € E, the function (z|-): E — K is conjugate linear. Since
(SP;) means that (-|x) : E — K is linear for each fixed = € E, one says that (3.4) is
a sesquilinear form. In the real case K = R, (3.5) means simply that (z|-): E — R
is linear for « € E. In this case, (3.4) is called a bilinear form on E.

Finally, (SP3) means that the form (3.4) is positive (definite). With these
definitions we can say: A scalar product is a positive Hermitian sesquilinear form
on E when F is a complex vector space, or a positive symmetric bilinear form
when FE is a real vector space.

(c) Forall z,y € E, (z tylr+y) = (z|z) £ 2Re(z|y) + (y|y).3
(d) (z|0)=0forallz € E. m

Let m € N*. For x = (21,...,Zm) and y = (y1,...,¥m) in K™, define

m

(z]y) = ij?j .

It is easy to check that this defines a scalar product on K™. This is called the
Euclidean inner product on K™.

The Cauchy-Schwarz Inequality

After these preliminaries, we can now prove one of the most useful theorems about
inner product spaces.

3.8 Theorem (Cauchy-Schwarz inequality) Let (E,(-|-)) be an inner product
space. Then

(@) < (zl2)yly), zyekE, (3.6)

and equality occurs in (3.6) if and only if x and y are linearly dependent.

Proof (a) For y = 0, the claim follows from Remark 3.7(d). Suppose then that
y # 0. For any a € K, we have
0 < (z—ay|r—ay) = (z[x) — 2Re(z|ay) + (ay|ay)
= (|x) = 2Re(a(z|y)) + |of* (y|y) -

3As already mentioned, using the symbols & and F one can write two equations as if they
were one. For one of these equations, the upper symbol (+ or —) is used throughout, and for the
other, the lower symbol is used throughout.

(3.7)
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Setting o := (z|y)/(y|y) yields

|(x]y)|?
(yly)

Cone( @ N @l
05 (wle) = 2Re( (5 (o)) + 1o (wly) = (el)

and so (3.6) holds. If z # ay, then, from (3.7), we see that (3.6) is a strict inequality.

(b) Finally, let 2 and y be linear dependent vectors in E. Then there is some
(a,8) € K*\ {(0,0)} such that az + By = 0. If a # 0, then @ = —(3/a)y and we
have

@l = 2] 1wP = (~2u] - 2y) wiv) = @ln) i)

If 3 # 0, then y = —(a/B)z and a similar calculation gives |(z|y)|? = (z|z)(y|y). m

3.9 Corollary (classical Cauchy-Schwarz inequality) Let &y,...,&, andny, ...,
be elements of K. Then

\Emjfmj\z < (i |€j\2) (i |77j|2) (3.8)
Jj=1 j=1 Jj=1

with equality if and only if there are numbers «, 3 € K such that («, 3) # (0,0)
and of; + Pn; =0 forallj=1,...,m.

Proof This follows by applying Theorem 3.8 to K™ with the Euclidean inner
product. m

Let (E,(\)) be an arbitrary inner product space. Then it follows from
(x|z) > 0 that ||z|| ;== \/(x|z) > 0 is well defined for all € E and

|z =0 <= |z]|* =0« (z]z) =0<=2=0.

Thus ||-|| satisfies the norm axiom (Njp). The proof of (Ng) for ||-|| is also easy
since, for « € K and =z € E,

laz]| = /(az|az) = \/al* (z|x) = |of 2] -

The next proposition shows that (N3), the triangle inequality, follows from the
Cauchy-Schwarz inequality and hence that ||-|| : £ — R" is a norm on E.

3.10 Theorem Let (E,(-])) be an inner product space and
]| ==/ (z]|x) , re k.

Then ||-|| is a norm on E, the norm induced from the scalar product (-|-).
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Proof In view of the above discussion, it suffices to prove the triangle inequality
for ||-||. From the Cauchy-Schwarz inequality we have

(@)l < V(l2)yly) = VIR lyl? = ]l Iyl -

Hence

lz+yl* = (z+ylz+y) = (x|z) + 2Re(z]y) + (y|y)
< l=|? 4+ 2 (@ |y)| + llyl* < lz)® + 21|l |yl + ylI®
= ([lz]| + llyll)* ,

that is, we have shown that ||z + y|| < [|z|| + ||y||. =
Because of Theorem 3.10 we make the following convention:

Convention Any inner product space (E, (- )) is considered to be a normed
vector space with the norm induced from (-|-) as above.

A norm which is induced from a scalar product is also called a Hilbert norm.

Using the norm we can reformulate the Cauchy-Schwarz inequality of Theo-
rem 3.8 as follows:

3.11 Corollary Let (E, (- )) be an inner product space. Then

(@l <l llyll s zyekE.

Euclidean Spaces

A particularly important example is the Euclidean inner product on K™. Since we
so frequently work with this inner product, it is convenient to make the following
convention:

Convention Unless otherwise stated, we consider K™ to be endowed with the
Euclidean inner product (-|-) and the induced norm*

| =V (w]x) = /20 |5]* = (T1,...,Tm) €E K™,

the Euclidean norm. In the real case, we write also x « y for (z|y).

4In the case m = 1, this notation is consistent with the notation |-| for the absolute value
in K because (z|y) = 27 for all z,y € K! = K. Tt is not consistent with the notation || for the
length of a multi-index o € N™. It should be clear from context which meaning is intended.
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We now have two norms on the vector space K", namely the maximum norm

frl = max fnyl = (o m) €K7

and the Euclidean norm |-|. We define a further norm by
m
ol = ol oz =(21,...,2m) €K
j=1

Checking that this is, in fact, a norm is easy and left to the reader. The next
proposition shows, using a further application of the Cauchy-Schwarz inequality,
that the Euclidean norm is ‘comparable’ with the norms |-|; and |-|c.

3.12 Proposition Let m € N*. Then

|20 < |2] < V2l , Sl <lzfy,  zeK™.

1
ﬁlxh

m

Proof From the inequality |zx|? < poy
diately that |z|s < |z|. The inequalities

L |zj? for k=1,...,m it follows imme-

m m 2 m 9
2 2 2
> lj|xj| <3 1j|xj|) and ) 1j|xj| <m max fo;” = m( max z])

are trivially true, and so have we shown that |z| < |z|; and |z| < /m|z|_ . From
Corollary 3.9 it follows that

lis 12 M
b= D21 legl < (017) () = vimlal
Jj=1

Jj=1 Jj=1

which finishes the proof. m

Equivalent Norms

Let E be a vector space. Two norms ||-||; and ||-||2 on E are equivalent if there is
some K > 1 such that

1
= lzlly < llzlle < Kfjzfl, ., zeE. (3.9)
K

In this case we write ||-||1 ~ [|-]|2-
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3.13 Remarks (a) It is not difficult to prove that ~ is an equivalence relation
on the set of all norms of a fixed vector space.

(b) The qualitative claim of Proposition 3.12 can now be expressed in the form
[~ ~ ]l on K™
(c) To make the quantitative claim of Proposition 3.12 clearer, we write B™ for
the real open Euclidean unit ball, that is,
Bm = BRM s

and BY" and BY. for the unit balls in (R™,|-|;) and in (R™,|-|) respectively.
Then Proposition 3.12 says

B™ CBL CvmB™, B CB™C/mB".

In the case m = 2, these inclusions are shown in the following diagram:

A

AR
N

v

V2 V2

Note that
B” =Bl x---xBl =(-1,1)™, (3.10)
N—————

m

but, for B™ and BY*, there is no analogous representation.

(d) Let E=(E,||-||) be a normed vector space and ||-||; a norm on E which is
equivalent to ||-||. Set Ey := (E,||-]|1). Then

Ug(a) =Ug, (a) , ac€kE,
that is, the set of neighborhoods of a depends only on the equivalence class of the

norm. Equivalent norms produce the same set of neighborhoods.

Proof (i) By Remark 3.1(a), the sets Ug(a) and Ug, (a) are well defined for each a € E.

(ii) From (3.9) it follows that K 'Bg, C Br C KBg,, and so, for a € E and r > 0,
we have
Bg, (a, K~ 'r) C Bg(a,r) C Bg, (a, K7) . (3.11)
(iii) For each U € Ug(a), there exists a r > 0 such that Bg(a,r) C U. From (3.11)
we get Bg, (a, K~ 'r) C U, that is, U € Ug, (a). This shows Ug(a) C Uz, (a).
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Conversely, if U € Ug, (a), then there is some ¢ > 0 such that Bg, (a,d) C U. Set
r:=06/K > 0. Then, from (3.11), we have Bg(a,r) C U, and hence U € Ug(a). Thus we
have shown that Ug, (a) C Ug(a). =

(e) Using the bijection
Coz=xa+iy« (z,y) €R?,

the complex numbers C:=R+ iR can be identified with the set R? (or even
with the Abelian group (R?,+), as Remark 1.11.2(c) shows). More generally, for
m € N, the sets C"™ and R*™ can be identified using the bijection®

C™ 3 (21, s 2m) = (@1 +0Y1, - oo, T+ 1Y) < (T2, Y15+ -+ Trns Ym) € RZ™
With respect to this canonical identification,
Bem = B?™ = Bgom
and hence
Uem = Upem .

Thus for topological questions, that is, statements about neighborhoods of points,
the sets C™ and R®*™ can be identified.

(f) The notions ‘cluster point’ and ‘convergence’ are topological concepts, that is,
they are defined in terms of neighborhoods. Thus they are invariant under changes
to equivalent norms. m

Convergence in Product Spaces

As a consequence of the above and earlier discussions we now have a simple, but
very useful, description of convergent sequences in K.

3.14 Proposition Let m € N* and z,, = (zL.,...,2™) € K™ for n € N. Then the
following are equivalent:
(i) The sequence (x,,)nen converges to x = (z!,..., ™) in K.

(ii) For each k € {1,...,m}, the sequence (z¥),cn converges to x* in K.

Proof This follows directly from Example 1.8(e) and Remarks 3.13(c) and (d). m

5We emphasize that the complex vector space C™ cannot be identified with the real vector
space R?™ (Why not?)!
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Claim (ii) of Proposition 3.14 is often called componentwise convergence of
the sequence (z,), so Proposition 3.14 can be formulated, somewhat imprecisely,
as: A sequence in K™ converges if and only if it converges componentwise. Thus it
suffices, in principle, to study the convergence of sequences in K — indeed, because
of Remark 3.13(e), it suffices to study convergence in R. For many reasons, which
the reader will find for him /herself in further study, there is little to be gained by
making such a ‘simplification’ in our presentation.

Exercises

1 Let ||-|| be a norm on a K-vector space E. Show that, for each T' € Aut(F), the
function ||z||r := ||Tz||, = € E, defines a norm ||-||r on E. In particular, for each o € K*,
the function E — R', x + ||az| is a norm on E.

2 Suppose that a sequence (z,) in a normed vector space E = (E, ||-||) converges to .
Prove that the sequence (||z,||) in [0, c0) converges to ||z|.

3 Verify the claims of Remark 3.4(a).
4 Prove that the parallelogram identity,

2/l + Iyl1*) = llz + ylI* +llz —ylI*,  zyeE,
holds in any inner product space (E7 al ))

5 For which X := (A1,..., ) € K™ is
I K" xK™ =K, (2,y) = Y Azl
k=1

a scalar product on K™?

6 Let (E, (- )) be a real inner product space. Prove the inequality

(z]y)
[l Iyl

When do we get equality? (Hint: Square the first inequality.)

(el + 1yl Sllz+yll < llzll + 11yl =y € EN{0} .

7 Let X be a metric space. A subset Y of X is called closed if every sequence (y,) in Y’
which converges in X, converges in Y, that is, limy, € Y.

Show that cg is a closed subspace of £o.

8 Let ||-|l1 and ||-||2 be equivalent norms on a vector space E. Define
dj(ZC,y)ZZ foij, rvyek, j=12.

Show that d; and d2 are equivalent metrics on F.
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9 Let (Xj,d;), 1 <j<n,be metric spaces. Show that the function defined by
n 1/2
— (Z dj(z;, yj)Q)
j=1

forallz = (z1,...,%n), y = (y1,...,Yn) and z,y € X := X3 X --- X X, is a metric which
is equivalent to the product metric on X.

10 Let (B, (-|-)) be an inner product space. Two elements z,y € E are called orthogonal
if (z|y) = 0. In this case we write L y. A subset M C FE is called an orthogonal system
if z L y for all z,y € M with z # y. Finally M is called an orthonormal system if M is
an orthogonal system such that ||z|| =1 for all z € M.

Let {zo0,...,2m} C E be an orthogonal system with z; # 0 for 0 < j < m. Show
the following:

(a) {zo,...,xm} is linearly independent.
)1, a:k||2 =Y, llzx]® (Pythagoras’ theorem).
11 Let F be a subspace of an inner product space E. Prove that the orthogonal com-
plement of F'| that is,
ti={z€eFE;xly=0yeF},
is a closed subspace of E (see Exercise 7).

12 Let B = {uo,...,um} be an orthonormal system in an inner product space (E, (-|-))
and F := span(B). Define

m

pr: E—F, xHZ(ﬂuk)uk

k=0

Prove the following:

(a) x —pr(zx) € F+, z € E.

(b) I — pr(@)l = infyer o — yl, = € B.

() llz = pr(@)|* = flz]* - ZZ” ol@lur)?, =€ E.

(d) pr € Hom(E, F) with p% = pr.

(e) im(pr) = F, ker(pr)=F* and E=F @ F*.

(Hint: (b) For y € F, we have ||z — y||* = ||z — pr(z)||* + [lpr(x) — y[|* which follows
from Exercise 10 and ( ).)

13 With B and F as in Exercise 12, prove the following:
(a) Forall z € E, 370, [(z]u)]® < |z

(b) For all x € F,

m m

=Y (@lu)ur  and lz|* =Y |(w|w)?

k=0 k=0

(Hint: To prove (a), use the Cauchy-Schwarz inequality.)
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14 For m,n € N*, let K™*" be the set of all m x n matrices with entries in K. We
can consider K”*" to be the set of all functions from {1,...,m} x {1,...,n} to K, and
so, by Example 1.12.3(e), K™*™ is a vector space. Here aA and A + B for o € K and
A, B € K™*™ are the usual scalar multiplication and matrix addition. Show the following:

(a) The function on K™*™ defined by

n

i 1/2 i
A= (30 lanl?) L A=lap] €K™
j=1k=1
is a norm.
(b) The following functions define equivalent norms:
(@) [agn] = 32500 2=y lagw]
(8) lajr] = maxi<j<m 25y |ajl
() lajk] — maxice<n D270, |ajul
) laji]

(6

[ajk] — maxi<j<m |ajx
1<k<n

15 Let F and F be normed vector spaces. Show that B(E, F)) N Hom(E, F') = {0}.
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4 Monotone Sequences

Any sequence in R, that is, any element of s(R) = RY, is a function between ordered
sets. In this section we again consider the relationship between this order and the
convergence of sequences. Specifically, we investigate the convergence of monotone
sequences as defined preceding Example 1.4.7. Thus a sequence (,,) is increasing!
if , < xp4q for all n € N, and (x,) is decreasing if x,, > x,,11 for all n € N.

Bounded Monotone Sequences

It follows from the completeness property of R that every bounded monotone
sequence converges.

4.1 Theorem Every increasing (or decreasing) bounded sequence (x,) in R con-
verges, and

zn I sup{z, ; neN} (ora, | inf{z,; neN}).

Proof (i) Let (z,) be an increasing bounded sequence. Then X :={z,, ; n € N}
is bounded and nonempty. Since R is order complete,  := sup(X) is well defined.

(ii) Let € > 0. By Proposition 1.10.5 there is some N such that zny > x — €.
Since (x,) is increasing, we have x, > xn >« — ¢ for all n > N. Together with
T, < x, this implies that

Tn € (x —e,x +¢) =Br(x,¢) n>N.

Thus z,, converges to = in R.

(iii) If (x,,) is a decreasing bounded sequence, we set = := inf{z, ; n € N}.
Then (y,) := (—x,) is increasing and bounded, and —z =sup{y, ; n € N}. It
follows from (ii) that —z, =y, —» —z (n — o0), and so, by Proposition 2.2,
Ty =—Yp — T. N

In Proposition 1.10 we saw that boundedness is a necessary condition for the
convergence of a sequence. Theorem 4.1 shows that boundedness suffices for the
convergence of a monotone sequence. Of course, a convergent sequence does not
have to be monotone, as the null sequence (—1)"/n shows.

LFor an increasing (or decreasing) sequence () we often use the symbol (z,,) T (or (zr) | ).
If, in addition, (z5) converges with limit x, we write z,, 1 z (or z, | z) instead of z, — z.
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Some Important Limits

4.2 Examples (a) Let a € C. Then

a*—0, ifla| <1,
a® —1, ifa=1,
(a™)nen diverges , ifla] >1, a#1.

Proof (i) Suppose first that the sequence (a")nen converges. From Proposition 2.2 we
have

lim ¢" = lim "™ =a lim a",

n—oo n— oo n—oo

and so either lim, oo a” =0ora=1.

(ii) Consider the case |a| < 1. Then the sequence (|a|™) = (|a”|) is decreasing and
bounded. By Theorem 4.1 and (i), (|a”|) is a null sequence, that is, a” — 0 (n — c0).

(iii) If @ = 1, then o™ =1 for n € N, and, of course, a™ — 1.

(iv) Now let |a| > 1 and a # 1. If (a™) converges, then, by (i), (|a"\)n is a null

eN
sequence. But this is not possible because |a"| = |a|™ > 1 for all n. m

(b) Let k € N and a € C be such that |a| > 1. Then

that is, for |a| > 1 the function n — a" increases faster than any power func-
tion n — nk.

Proof For o :=1/|al € (0,1) and z,, := n*a™, we have
1\* 1\%
M=<i> a:<1—|—7>a, neN*,
T, n n
and SO Tnt1/Tn | @ as n — oo. Fix some (3 € (a,1). Then there is some N such that
Znt1/xn < O for all n > N. Consequently,

Tni1 < BTN, TNy < Brni < oy,

A simple induction argument yields z, < 8" Nay for all n > N and so

nk

—N IN
n:mn<B" TN = " n>N.
a

- Bij\] ) =
The claim then follows from Remark 2.1(c) since, by (a), (8")nen is a null sequence. m

(c) For all a € C,

The factorial function n — n! increases faster than the function® n +— a™.

2In Section 8 we provide a very short proof of this fact.
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Proof For n > N > |a| we have

_ e ﬁ |a]
NI &
k=N+1

N n—N N n
lal ( lal ) N (M) _
N!' \N +1 NI\ N
The claim then follows from (a) and Remark 2.1(c). m

(d) limy, oo ¥Yn=1.
Proof Let e > 0. Then, by (b), the sequence (n(1 +£)~") is a null sequence. Thus there
is some N such that

an

IN

n!

n

— <1 >N
(1+5)"< ’ =

that is,
1<n<(1+¢e)", n>N.

By Remark 1.10.10(c), the n" root function is increasing, and so
1< ¥Yn<l+e, n>N.

This proves the claim. m

(e) For all a > 0, lim, o {/a=1.

Proof By the Archimedean property of R, there is some N such that 1/n < a < n for

all n > N. Thus
Jﬁ:,"/%g{b/&gc/ﬁ, n>N.

Set @, :=1/{/n and y, := {/n for all n € N*. Then, from (d) and Proposition 2.6, we

have lim z,, = limy,, = 1. The claim now follows from Theorem 2.9. m

(f) The sequence ((1+ 1/n)") converges and its limit,

1\
e:= lim (1+7) :
n

n—00

the Euler number, satisfies 2 < e < 3.
Proof For all n € N*| set e, := (1+1/n)".

(1) In the first step we prove that the sequence (e,) is increasing. Consider

=) G
€n T \n+1 n+1

_(n2+2n)"+1 n+1_<17 1 >n+1 n+1
S \(n41)2 n (n+1)2 n

(4.1)

The first factor after the last equal sign in (4.1) can be approximated using the Bernoulli
inequality (see Exercise 1.10.6):

(1—L)n+1>1— L
(n+1)2 = n+l n+l’

Thus (4.1) implies e, < ept1 as claimed.



166 II Convergence

(ii) We show that 2 < e, < 3. From the binomial theorem we have

GO WETIEI N WES (12

0
Further, for 1 < k < n, we have

ny 1 1n-(n—1)- - -(n—k+1) 1 1

k- hesh

k/nk k! n-n-----n k! — 2k—1
It then follows from (4.2) (see Exercise 1.8.1) that

AN 1—(3)" 1
ens1+Y(3) :1+17(21)<1+I:3.
k=1 2

Finally 2 = e; < e, for n > 2. The claim now follows from (i), (ii) and Theorem 4.1. m

The number e plays an important role in analysis. Its value can theoretically
be determined from the sequence (e,,). Unfortunately, the sequence (e, ) does not
converge very quickly. The numerical value of e is approximately?

2.71828 18284 59045 23536 ...
Comparing this value with several terms of (e,),
€1 = 2 5 €10 = 2.59374 ... 5 €100 = 2.70481 . .. s €1000 = 2.71692. .. 5

we see that, even for n = 1000, the error e — e, is 0.0014... (see also the next
example).

(g) We can represent e as the limit of a sequence which converges much faster:
1
e= nl;rr;@ Z Pk
k=0

Proof (i) Set z, := ) 7_,1/k!. Obviously, the sequence (z,) is increasing. The proof
of (f) shows that e, < z, < 3 for all n € N* and so, by Theorem 4.1, the sequence (x,)
converges and its limit e satisfies e < e’ < 3.

(ii) To complete the proof we need to show e’ < e. Fix some m € N*. Then for all
n > m, we have

k=0 k=0
1 -1 —k+1
:1+kz_lﬁn = n)-n (nn )
1 1 k-1
S () -5

3We are somewhat premature in using such ‘decimal representations’. A complete discussion
of this way of representing numbers is in Section 7.
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If we set

. 1/, 1 k-1
mm,n._1+;_lﬁ(1—g).---~(1— —), azm,

then z7, , 1 m as n — oo and 7, , < e, for all n > m. Because e, | e, it follows from

Proposition 2.7 that z,, < e. Since this holds for any m € N*, e is an upper bound for
X :={xm ; m € N}. Since ¢ = limx, = sup X, Theorem 4.1 implies that ¢’ < e. m

As we have already mentioned, the sequence (x,,) converges much faster to e
than the sequence (e,,). In fact, one can prove the following error estimate (see Ex-
ercise 7):

O<e—xz, < —, n e N* .

nn!

For n = 6 we have 1/(6!6) = 0.00023... which is already a smaller error than in
Example 4.2(f) for n = 1000.

Exercises

1 Leta,...,a; € RT. Prove that

lim Y/al+ - +a} = max{a1,...,ar} .

n—oo

2 Prove that
1-1/n)" —1/e (n— o0) .

(Hint: Consider lim(1 — 1/n*)" = 1 and Proposition 2.6.)
3 Show that, for all r € Q,

1+7r/n)" —e" (n—o0).
(Hint: Consider the cases r > 0 and r < 0 separately. Use Exercises 2 and 2.7.)
4 For a € (0,00), define a real sequence (z,) recursively by zo > a and

Tnt1 = (Tn +a/xn)/2, neN.
Prove that (z,) is decreasing and converges to v/a.*
5 Let a,zo € (0,00) and
Tnt1 i =a/(1+zn) , neN.

Show that the sequence (x,) converges and determine its limit.

4This procedure to determine /a is called the Babylonian algorithm or Heron’s method. The
sequence (xn) converges very quickly to v/a. For example, if 29 = a = 4, then

1 =25, 22=205, 23=200609...,  z4=2.000000093...

Note also that all the x,, are rational if a and the ‘initial value’ zg are rational. In Section IV.4
we give a geometric interpretation of Heron’s method and estimate the rate of convergence.
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6 Prove the convergence of the sequence

zo>0, x1 >0, Znt2:=+/Tn+1ZTn , neN.

7 (a) For n € N*, prove the following error estimate:
— 1 1

(b) Use the inequality in (a) to show that e is irrational.
(

Hint: (a) For n € N*, let ym := ZIZ’H 1/k!. Show that ym — e —>7_,1/k! and

(m+n)ym < 34 (n+1)""% . (b) Prove by contradiction.)
8 Let (zn) be defined recursively by
zo:=1, Znp1:=1+1/z,, neN.

Show that the sequence (x,) converges and determine its limit.

9 The Fibonacci numbers f;, are defined recursively by
fO::O7 fl:zla fn+1::fn+fn—17 HGNX'
Prove that im(fr+1/fn) = g, where g is the limit of Exercise 8.

10 Let

2
z0:=5, z1:=1, Tnt1 1= GTn + gTno1 neN*.

Verify that (z,) converges and determine lim x,.
(Hint: Derive an expression for &, — Tn41.)
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5 Infinite Limits

Certain sequences in R can usefully considered to converge to +00 or —oo in the
extended number line R. For this extension of the limit concept, it suffices to define
appropriate neighborhoods of the elements oo in R.

Convergence to +o0o

Because there is no suitable metric' on R, we extend the set of all neighborhoods
in R using the following ad hoc definition: A subset U C R is called a neighborhood
of oo (or of —oo) if there is some K > 0 such that (K,00) CU (or such that
(=00, —K) C U). The set of neighborhoods of +oo is denoted by U(+o0), that is,

U(£o0) := {U C R ; U is neighborhood of +oo} .

Now let (z,) be a sequence in R. Then +oo is called a cluster point (or limit)
of (x,), if each neighborhood U of oo contains infinitely many (or almost all)
terms of (x,,). If £oo is the limit of (z,), we usually write

lim , = +oo or Xy — 00 (B — 0) .

n—oo
The sequence (z,,) converges in R if there is some # € R such that lim,, .., 2, = .
The sequence (z,,) diverges in R, if it does not converge in R. With this definition,
any sequence which converges in R, also converges in R, and any sequence which
diverges in R, also diverges in R. On the other hand there are divergent sequences
in R which converge in R (to £00). In this case the sequence is said to converge
improperly. This distinction is significant because our understanding about con-
vergence in metric spaces does not apply to improper convergence, and hence such
convergence needs a separate study.

5.1 Examples (a) Let (z,) be a sequence in R. Then z,, — oo if and only if, for
each K > 0, there is some Ng € N such that xz,, > K for all n > Ng.
(b) lim, o (n? —n) = oo and lim,, .o (—2") = —oo.

(¢) The sequence ((—n)"), _ has the cluster points oo and —oo, and so diverges
inR. m

5.2 Proposition Let (z,,) be a sequence in R*.
(i) 1/z, — 0, if z, — o0 or z,, — —00.
(i) 1/x, — o0, if x, — 0 and z, > 0 for almost all n € N.

(iii) 1/, — —o0, if &, — 0 and z,, < 0 for almost all n € N.

10f course, various metrics could be defined on R, but none of the metrics we have defined so
far are suitable for our purposes (see Exercise 5).
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Proof (i) Let € > 0. Then there is some N such that |z,| > 1/¢ for all n > N,
and we have the inequality

[1/zn] =1/]z,] <€, n>N.

Hence (1/x,,) converges to 0.
(ii) Let K > 0. Then there is some N such that 0 < z,, < 1/K for all n > N.
Hence
1zn>K, n>N,
and so the claim follows from Example 5.1(a).

Claim (iii) can be proved similarly. m

5.3 Proposition Every monotone sequence (z,,) in R converges in R, and

. sup{xz, ; n € N}, if (z,) is increasing ,
limz, = . . . .
inf{x, ; ne N}, if (z,,) Is decreasing .

Proof We consider an increasing sequence (z,). If {z, ; n € N} is bounded
above, then, by Theorem 4.1, (x,,) converges in R to sup{ z,, ; n € N }. Otherwise,
if {x,, ; n € N} is not bounded above, then for each K > 0 there is some m such
that ,, > K. Since (z,) is increasing we have also z,, > K for all n > m, that is,
(z,,) converges to co. The case of a decreasing sequence is proved similarly. m

The Limit Superior and Limit Inferior

5.4 Definition Let (z,,) be a sequence in R. We can define two new sequences

(yn) and (2n) by
Yn :=supzy :=sup{zy; k>n},
k>n

zn = inf xg = inf{zx ; k>n}.
k>n

Clearly (y,) is a decreasing sequence and (zn) is an increasing sequence in R. By
Proposition 5.3, these sequences converge in R:

limsup z,, := lim z, := lim (sup xk) ,
n— 00 n—00 n—=00 k>n

the limit superior, and

liminf x, := lim z, := lim (inf xk) ,
n— 00 n—oo n—oo k>n

the limit inferior of the sequence (z,,). We also have

limsup x,, = inf (sup xk) and liminfz, = sup( inf xk) ,
neN k>n neN k>n

which follow again from Proposition 5.3. m
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We see next that the limit superior and limit inferior of a sequence are, in
particular, cluster points.

5.5 Theorem  Any sequence (v,) in R has a smallest cluster point x. and a
greatest cluster point z* in R and these satisfy

liminfz, =z, and limsupz, =z".

Proof Set z* :=limsupw, and y, := supys, ) for n € N. Then (y,) is a de-
creasing sequence such that

* = inf . 5.1

z” = inf yn (5.1)

We consider three cases:

(i) Suppose that x* = —oo. Then for each K > 0, there is some n such that

—-K >y, =supxy ,
k>n

since otherwise we would have z* > — K| for some K > 0. Hence z}, € (—00, —K)
for all k > n, that is, 2* = —oo is the only cluster point of ().

(ii) Suppose that z* € R. By Proposition 1.10.5 and (5.1), we have for each
& > x* some n such that & > y,, > zy for all £ > n. Consequently, no cluster point

of (z,,) is larger than x*. It remains to show only that «* is itself a cluster point
of (). Let € > 0. Since

SUP$k:ynZ$*a nENa
k>n

we have, once again from Proposition 1.10.5, for each n, some k > n such that
x> x* — €. Since we already know that no cluster point of (z,) is larger than z*,
the interval (z* —e,2* 4+ £) must contain infinitely many terms of the sequence
of (x,), that is, z* is a cluster point of ().

(iii) Finally we consider the case z* = co. Because of (5.1) we have y, = 0o
for all n € N. Hence for each K > 0 and n, there is some k > n such that z; > K.
This means that 2* = oo is a cluster point of (x,), and clearly the largest such
point.

Showing that z, := liminf x,, is the smallest cluster point of () is similar. m
5.6 Examples
— (=1)"

(a) Tim (=1)"n
n+1

(b) limn(-1" = oo and limn~D" = 0. =

(~1)"n

=1 and lim =-1.
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5.7 Theorem Let (z,) be a sequence in R. Then
(x,,) converges in R <= limz, <limz, .
When the sequence converges, the limit = satisfies

r =limz, =limzx, =limz, .

Proof ‘=’1If (x,) converges to = in R, then z is the unique cluster point of (x,)
and so the claim follows from Theorem 5.5.

‘=’ Suppose that limz,, < limz,. Then, from Theorem 5.5 again, the only
cluster point of (z,) is x:=limz, = limx,. If = —co (or z = c0), then, for
each K > 0, there is some k such that z,, < —K (or z,, > K) for all n > k. Thus
limz, = —oo (or limz, = c0).

If z is in R, then, from Theorem 5.5 and Proposition 1.10.5, for a given € > 0,
there are at most finitely many j € N and finitely many & € Nsuch that z; <z — ¢
and xp > x + €. Thus each neighborhood U of x contains almost all terms of the
sequence (z,), that is, limz,, = z. m

The Bolzano-Weierstrass Theorem

For a bounded sequence in R, Theorem 5.5 is called the Bolzano-Weierstrass the-
orem. We actually prove this theorem in somewhat more generality.

5.8 Theorem (Bolzano-Weierstrass) Every bounded sequence in K™ has a con-
vergent subsequence, that is, a cluster point.

Proof We consider first the case K = R and prove the claim by induction on m.
The case m = 1 follows from Theorem 5.5 and Proposition 1.17. For the induction
step m — m + 1, suppose that (z,) is a bounded sequence in R™%!. Then the
bound M := sup{ |z,| ; n € N} exists in [0,00). Since R™*' = R" x R, we can
write each z € R™"! in the form z = (z,y) with € R™ and y € R. Thus, from
Zn = (Tn, Yn), we get a sequence (z,) in R™ and a sequence (y,) in R. Since

max{|1’n|v |yn|} < |Zn‘ =V |xn|2 + ‘yn|2 <M, neN,

(z5,) and (yn) are bounded. We now use our induction hypothesis to find a subse-
quence (z,, ) of (z,) and some z € R™ such that z,,, — z as k — oo. Since the sub-
sequence (Y, ) is also bounded, it follows from the induction hypothesis, that there
is a subsequence (ynkj) of (yn, ) and some y € R such that Yni, = Y as j — oo. Fi-
nally, by Propositions 1.15 and 3.14, the subsequence (:rnkj , ynk_j) of (z,) converges
to z:= (x,y) € R™*! as j — oo. This completes the proof of the case K = R.

The case K = C follows from what we have just proved using the identification
of C™ with R*™. m
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Exercises

173

1 Let (z,,) be a sequence in R, z. :=limz, and z* := lim z,,. Suppose that =, and z*

are in R. Prove that, for each € > 0, there is some NN such that
Tu —e<xn <z +e, n>N.
How must the claim be modified in the cases z. = —oco and 2™ = 0o0?

2 Let (zn) and (yn) be sequences in R and

Ty =limz, , z5:=limz,, 9. :=limy,, vy :=lmy,.

Show the following:
(a) im(—z,) = —..

(b) If (z*,y") and (z«, y«) are not equal to (00, —00) or (—o0, 00), then

lim(zn +yn) < @" 4+ y" and lm(zn + yYn) > T + Yo -

(c) If @, > 0and y, > 0forall n € N, and (z.,y.) ¢ {(0,00),(00,0)}, (w+,y*) # (00,0)

and (z*,y") # (0, 00), then

0 < zoye <lim(znyn) < zoy” < lim(zny,) < a'y" .
(d) If (yn) converges to y € R, then

im(zn +yn) =2" +y, lm(zn +yn) = +y,

and L
m(zayn) = ya*,  y>0,

lim(znyn) = yos , y<0.
(e) If 2, < yn for all n € N, then limz,, < limy, and limz, < limyp.
3 Forn €N, let x, := 2" (14 (—1)") + 1. Determine the following:

limz,, limn,, lim(zny1/zn), m(xn+1/xn), lim ¥/z,, lLm Yz, .

4 Let (zn) be a sequence in R such that =, > 0 for all n € N. Prove

lim —~ <lim ¥z, <lim /z, <lim ntl
Tn Tn

(Hint: If ¢ < im(@ny1/2n), then xni1/xn > g for all n > n(q).)

5 (a) Show that the function

-1, T = —00,
p:R—[-11], ¢@)=1{ z/(1+z]), z€R,
1, T =00,

is strictly increasing and bijective.
(b) Show that the function

d:RxR—=R", (z,9)  |o(x) — o(y)|

is a metric on R.
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6 For the sequences
(zn) :=1(0,1,2,1,0,1,2,1,0,1,2,1,...) and (yn):=(2,1,1,0,2,1,1,0,2,1,1,0,...)
determine the following:

lim 2, +myn , m(mn +Yn) ,

limz, +limy, , lm(z, +y.), lmz, +limy, .



1.6  Completeness 175

6 Completeness

In Section 1 we defined convergence using the concept of neighborhoods. In this
definition, the limit of the sequence appears explicitly, and so, in principal, to
show that a sequence converges it is necessary to know what its limit is. In this
section we show that in certain ‘complete’ spaces it is possible to recognize the
convergence of a sequence without knowing the limit. Sequences in such metric
spaces are convergent if and only if they are Cauchy sequences. These sequences
are an important tool in the theoretical investigation of convergence. In addition,
they are used in Cantor’s construction the real numbers which we mentioned in
Section 1.10 and carry out in this section.

Cauchy Sequences
In the following X = (X, d) is a metric space.

A sequence (z,) in X is called a Cauchy sequence if, for each € > 0, there is some
N € N such that d(z,, z,;,) < € for all m,n > N.

If (z,) is a sequence in a normed vector space FE = (E,|-||), then (z,)
is a Cauchy sequence if and only if for each € > 0 there is some N such that
|zn — xm|| < € for all m,n > N. In particular, we notice that Cauchy sequences
in E are ‘translation invariant’, that is, if (z,) is a Cauchy sequence and a is an
arbitrary vector in E, then the ‘translated’ sequence (z,, + a) is also a Cauchy se-
quence. This shows, in particular, that Cauchy sequences cannot be defined using
neighborhoods.

6.1 Proposition Every convergent sequence is a Cauchy sequence.

Proof Let (z,) be a convergent sequence in X with limit . Then, for each
g > 0, there is some N such that d(z,,x) < /2 for all n > N. From the triangle
inequality it follows that

d(mmxm)Sd(xn,x)+d(x,xm)<%—&— =, m,n >N .

<
2

Hence (z,,) is a Cauchy sequence. m

The converse of Proposition 6.1 is not true, that is, there are metric spaces
in which not every Cauchy sequence converges.

6.2 Example Define (z,,) recursively by 2o := 2 and z,,41 := % (z, + 2/z,,) for all
n € N. Then (z,) is a Cauchy sequence in Q which does not converge in Q.

Proof Clearly z, € Q for all n € N. Moreover, from Exercise 4.4, we know that (z,)
converges to v/2 in R. Thus, by Proposition 6.1, (x,) is a Cauchy sequence in R, and
hence in Q too.
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On the other hand, (z,) cannot converge in Q. Indeed, if z, — a for some a € Q,
then x, — a in R also. But then the uniqueness of the limit implies a = v/2 € R\Q,
a contradiction. m

6.3 Proposition Every Cauchy sequence is bounded.

Proof Let (z,) be a Cauchy sequence. Then there is some N € N such that
d(xp, xm) < 1 for all m,n > N. In particular, d(x,,zy) <1 for all n > N. Set
M = max,«y{d(2,,zy)}. Then for all n we have d(z,,xy) <1+ M, and so, by
Example 1.9(c), (z,) is bounded in X. m

6.4 Proposition If a Cauchy sequence has a convergent subsequence, then it is
itself convergent.

Proof Let (x,) be a Cauchy sequence and (x,, )ren @ convergent subsequence
with limit z. Suppose that e > 0. Then there is some N such that d(z,, z.,) < /2
for all m,n > N. There is also some K such that d(z,,,z) <¢&/2 for all k > K.
Set M := max{K, N}. Then

d(xn, ) < d(Tp, Tny, ) + d(Tn,,, ) < %+%=5, n>M,

that is, (x,) converges to z. m

Banach Spaces

A metric space X is called complete if every Cauchy sequence in X converges. A
complete normed vector space is called a Banach space.

Using the Bolzano-Weierstrass theorem we can show that complete metric
spaces exist.

6.5 Theorem K™ is a Banach space.

Proof We know already from Section 3 that K™ is a normed vector space, so it
remains to show completeness. Let (z,,) be a Cauchy sequence in K™. By Proposi-
tion 6.3, (z,,) is bounded. The Bolzano-Weierstrass theorem implies the existence
of a convergent subsequence, and then Proposition 6.4 implies that (z,) itself
converges. m

6.6 Theorem Let X be a nonempty set and E = (E,||-||) a Banach space.
Then B(X, E) is also a Banach space.

Proof Let (u,) be a Cauchy sequence in the normed vector space B(X, E) (see
Proposition 3.5). Suppose that ¢ > 0. Then there is some N := N(g) such that
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[t — tml|oo < € for all m,n > N. In particular,
[|tun () — um (@)l < ||t — Umlleo < €, mn>N, ze€X. (6.1)

This shows that, for each x € X, the sequence (un(x)) is a Cauchy sequence in E.
The completeness of E implies that, for each = € X, there is some vector a, € E
such that u,(x) — a, as n — oo. By Corollary 1.13, a, is unique and we define
u € EX by u(z) := a, for x € X.

We will prove that the Cauchy sequence (u,,) converges to u in B(X, E). We
show first that u € EX is bounded. Indeed, taking the limit m — oo in (6.1) yields

lun(x) —u(z)||e <€, n>N, ze€X (6.2)
(see Proposition 2.10 and Remark 3.1(c)), and so we have
lu(@)le <&+ llun(@)le <e+llunllec, z€X.

This shows that the function u: X — E is bounded, that is, it is in B(X, E).
Finally, taking the supremum over all € X in (6.2) we get ||u, — ul|s < € for all
n > N, that is, (uy) converges to v in B(X, E). m

As a direct consequence of the previous two theorems we have the following:
For every nonempty set X, B(X,R), B(X,C) and B(X,K™) are Banach spaces.

6.7 Remarks (a) The completeness of a normed vector space F is invariant under
changes to equivalent norms, that is, if ||-||; and ||-||2 are equivalent norms on E,
then (E, ||-|1) is complete if and only if (E, ||-||2) is complete.

(b) The vector space K™ with either of the norms |-|; or || is complete. (We
will prove in Section I11.3 that all norms on K™ are equivalent.)

(c) A complete inner product space (see Theorem 3.10) is called a Hilbert space.
In particular, Theorem 6.5 shows that K™ is a Hilbert space. m

Cantor’s Construction of the Real Numbers

We close this section with a second construction of the real numbers R. Since we make
no further use of this construction in the following, this discussion can be omitted on a
first reading of this book.

First we note that all statements in this chapter about sequences remain true if
we replace ‘for each € > 0’ by ‘for each ¢ = 1/N with N € N* in Proposition 1.7(iii), in
the definitions of null sequences and Cauchy sequences, and in the corresponding proofs.
This is a consequence of Corollary 1.10.7.

This puts us back in the situation where only the rational numbers have been
constructed. By Theorem 1.9.5, Q = (Q, <) is an ordered field, and so Proposition 1.8.10
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implies that Q, with the metric induced from the absolute value |-|, is a metric space.
Because of the above discussion,

R:={re QN ; ris a Cauchy sequence }
and

co:={r e Q" ; ris a null sequence }
are well defined sets. From Proposition 6.1 we have co C R.

From Example 1.8.2(b) we know that QY is a commutative ring with unity. We
denote by @ the constant sequence (a,a,...) in Q. Then I is the unity element of the
ring QY. By Example 1.4.4(c), Q" is also a partially ordered set. Since this partial order
is not a total order, Q" is not an ordered ring.

6.8 Lemma 7R is a subring of Q" containing T and co is a nontrivial proper ideal of R.

Proof Let r = (r,) and s = (sn) be elements of R, and N € N*. Since every Cauchy
sequence is bounded, there is some B € N* such that

lrn| < B, lsn| < B, neN.
Set M :=2BN € N*. Then there is some ng € N such that
|Pn — rm| < 1/M ., |$p —sm| <1/M, m,n >ng .
Thus we have the inequalities
[T 4+ 80 — (Tm 4 $m)| < |rn — Tm| + |80 — sSm| < 2/M <1/N

and

[Tnsn — TmSm| < |rn| 8 — Sm| + |Tn — m||sm| < 2B/M = 1/N
for all m,n > no. Consequently r + s and r - s are in R, that is, R is a subring of Q.
It is clear that R contains the unity element 1. From Propositions 2.2 and 2.4 (with K
replaced by Q) and from Proposition 6.3, it follows that cg is an ideal of R. Since

1 _
<n+1>neN €co\{0}, TEeR\eo,

Co is a nontrivial proper ideal. m

From Exercise 1.8.6, we know that R cannot be a field. Let R be the quotient ring
of R by the ideal co, that is, R = R/co (see Exercise 1.8.6). It is clear that the function

Q—R, a—fa=a+co, (6.3)

which maps each rational number a to the coset [a] of the constant sequence @ in R,
is an injective ring homomorphism. Thus we will consider Q to be a subring of R by
identifying Q with its image under the function (6.3).

We next define an order on R. We say r = (r,) € R is strictly positive if there
is some N € N* and ng € N such that r, > 1/N for all n > no. Let P be the set of
strictly positive Cauchy sequences, that is, P := {r € R ; r is strictly positive }. Define
a relation < on R by

[r]<[s]i<=s—rePUco. (6.4)



1.6  Completeness 179

6.9 Lemma (R, <) is an ordered ring which induces the natural order on Q.

Proof It is easy to see that (6.4) defines a relation on R, that is, the definition is
independent of the choice of representative. It is also clear that the relation < is reflexive,
and one can readily show transitivity. To prove antisymmetry, let [r] < [s] and [s] < [r].
Then r — s must belong to cg, since otherwise both r — s and s — r would be strictly
positive, which is not possible. Hence [r] and [s] coincide, and we have shown that < is
a partial order on R.

Let r,s € R, and suppose that neither r — s nor s —r is strictly positive. Then
for each N € N*, there is some n > N such that |r, — s,| < 1/N. Hence r — s has a
subsequence which converges to 0 in Q. By Proposition 6.4, r — s is itself a null sequence,
that is, r — s € cg. This implies that R is totally ordered by <.

We leave to the reader the simple proof that < is compatible with the ring structure
of R.

Finally, let p,q € Q be such that [p] < [q]. Then either p < g or ¢ —p is a null
sequence, which implies p = ¢. Thus the order in R induces the natural order on Q. m

6.10 Proposition R is a field.

Proof Let [r] € R*. We need to show that [r] is invertible. We can suppose (why?) that
r is in P. Hence there are no € N and M € N* such that r, > 1/M for all n > ng. Thus

s := (sn), defined by
0, n <ng,
Sp =
l/rn ’ n Z no ,

is an element of Q. Since r is a Cauchy sequence, for N € N*| there is some ni > ng
such that |[r, — rm| < 1/(NM?) for all m,n > ny. This implies

[$n — sm| = %}§M2\rnfrm|<1/N, m,n >nj .
Thus s is in R. Since [r] [s] = [rs] =T, [r] is invertible with [r] ™! = [s]. m

We now want to show that R is order complete. To do so, we need first the following
two lemmas:

6.11 Lemma  Every increasing sequence in Q which is bounded above is a Cauchy
sequence. Similarly, every decreasing sequence in Q which is bounded below is a Cauchy
sequence.

Proof Let r = (r,) be an increasing sequence in Q with an upper bound M € N*| that
is, r, < M for all n € N. We can suppose that 7o = 0 (why?).

Let N € N*. Then not all of the sets
Iii={neN; (k—1)/N<rn<k/N}, k=1,...,MN,

are empty. Hence
K::max{ke{l,...,MN} 3 Iy ;é@}
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is well defined and the following hold:
rm <K/N, neN, 3ng EN: 1y > (K —1)/N .

From the monotonicity of the sequence (r,) we get the inequalities

K K-1 1
<r,— —_——— =, > R
0 Tm < N N n>m 2> ng

which proves that r is in R. The proof for decreasing sequences is similar. m

6.12 Lemma Every increasing sequence (pi) in R which is bounded above has a supremum
sup{ px ; k € N}. Similarly, every decreasing sequence (px) in R which is bounded below
has an infimum inf{ px ; k € N}.

Proof It suffices to consider the case of increasing sequences. If there is some m € N
such that pr = pm for all k > m, then sup{pr ; k € N} = p,,. Otherwise we can con-
struct recursively a subsequence (pr,)jen of (pxr) such that pp; < px;,, for all j € N.
Because of the monotonicity of the sequence (pr), it suffices to prove the existence of
sup{ px; ; j € N}. Thus we suppose that pr < pg11 for all & € N.

Each py, has the form [r*] with ¥ = (r%),en € R. For k € N we have py11 — pr, € P
and so there are ny € N and N € N* such that rfﬁ'l — rfL > 1/Ny, for all n > ng. With-
out loss of generality we can suppose that the sequence (nx)ren is increasing. Since P

and r*T1 are Cauchy sequences, there are my > ny such that
rﬁfrf%<i, rfn+lfrfl+l<i, n>mg .
4Ny k 4N
Hence for sy, :=r},, + 1/(2Nk), we have
rﬁ+l—sk>ﬁ, sk—rﬁ>ﬁ, n>mg .
Consequently
pr = [r"] < [5%] = sk (1] < [P = prga kEeN. (6.5)

Set s := (sk). By construction, s is an increasing sequence in Q. Since the sequence (pi)
is bounded above, by (6.5), so is s. It follows from Lemma 6.11 that s is in R, and then
(6.5) shows that py < [s] for all kK € N.

Finally, let p € R with pr < p < [s] for all k € N. Then it follows from (6.5) that
sk[1] < prr1 <p<ls], keN,
which is a contradiction. Therefore we have [s] =sup{pr ; k€ N}. m

To finish Cantor’s construction we can now easily prove that R is an order complete
ordered extension field of Q. Then the uniqueness statement of Theorem 1.10.4 ensures
that we have once again constructed the real numbers.
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6.13 Theorem R is an order complete ordered extension field of Q.

Proof Because of Lemma 6.9 and Proposition 6.10, we need to show only the order
completeness of R.

Hence let A be a nonempty subset of R which is bounded above by v € R. We
construct recursively an increasing sequence («;) and a decreasing sequence (3;) as fol-
lows: Choose some ag € A, then set By := v and o := (a0 + 5o)/2. If there is some a € A
such that a > 7o, then set a; := o and (1 := Bo, otherwise set a1 := ap and [1 := 7o.
In the next step we repeat the above procedure, replacing ao and (o by ai1 and (1 to
get a and [. Iterating this process produces sequences (o) and (8;) with the claimed
properties, as well as

0<Bj —aj <(Bo—a0)/2, JeN. (6.6)

Since («;) is bounded above by v and (8;) is bounded below by ag, Lemma 6.12 im-
plies that a:=sup{a; ; j € N} and 8 :=inf{3; ; j € N} exist. Moreover, taking the
infimum of (6.6) yields

0<pB-a<inf{(Bo—a)/2’; jEN}=0.
Hence o = 3.
Finally, by construction, we have a < ; for all @ € A and j € N. Hence
a<inf{f;jEN}=f=a=supla;; jEN} <y, acA.

Since this holds for every upper bound « of A, it follows that & = sup(A4). m

Exercises
1 Let (o, 3) € R%. For k € N, set
(o, 8) , k even ,
o { (B,0), kodd,
and sp =, k2 for all n € N*. Show that (sn) converges.
2 Let X :=(X,d) be a complete metric space and (z,) a sequence in X. Suppose that
d(Tn+1,Tn) < ad(Tn, Tn-1) , n e N* |
for some « € (0,1). Prove that (z,) converges.
3 Show that every sequence in R has a monotone subsequence.

4 Prove the following (see Exercise 3.7):

(a) Every closed subset of a complete metric space is a complete metric space (with the
induced metric).

(b) Every closed subspace of a Banach space is itself a Banach space (with the induced
norm).

(¢) oo, ¢ and co are Banach spaces.

(d) Let M be a complete metric space and D C M a subset which is complete (with
respect to the induced metric). Then D is closed in M.
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5 Verify that the order < on R = TR/co is transitive and compatible with the ring
structure of R.

6 For all n € N*, set z, := > p_, k~'. Prove the following:

(a) The sequence (z,) is not a Cauchy sequence in R.

(b) For each m € N*, lim,(Znt+m — xn) = 0.

(Hint: (a) Show that (z,) is not bounded.)

7 Letz, :=3_, k ?foralln € N*. Prove or disprove that (z,) is a Cauchy sequence

in Q.
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7 Series

So far we have two ways to prove the convergence of a sequence (x,) in a Banach
space! (E,|-|). Either we make some guess about the limit # and then show directly
that |z — z,| converges to zero, or we prove that (z,) is a Cauchy sequence and
then use the completeness of F.

We will use both of these techniques in the following two sections for the
investigation of special sequences called series. We will see that the simple recursive
structure of series leads to very convenient convergence criteria. In particular, we
will discuss the root and ratio tests in arbitrary Banach spaces, and the Leibniz
test for alternating real series.

Convergence of Series

Let (z1) be a sequence in E. Then we define a new sequence (s,,) in F by

n
sn::g Th , ne€N.
k=0

The sequence (s,) is called a series in £ and it is written )z or >, xi. The
element s,, is called the n'* partial sum and z;, is called the £*" summand of the
series Y x. Thus a series is simply a sequence whose terms are defined recursively
by

Sp = %o , Sp+1 = Sn + Tp41 , neN.
A series is the sequence of its partial sums.

The series Y xj converges (or is convergent) if the sequence (s,,) of its partial
sums converges. Then the limit of (s,) is called the value of the series > x; and
is written Y ;- xj.? Finally, the series ) x; diverges (or is divergent) if the
sequence (s,) of its partial sums diverges in E.

7.1 Examples (a) The series > 1/k! converges in R. By Example 4.2(g), it has
the value e, that is, e = > po, 1/k!.

(b) The series > 1/k? converges in R.

Proof Clearly the sequence (sy) of partial sums is increasing. Since for each n € N*|

"1 ~ 1 ~ 1 1 1

the sequence (sy) is bounded. Thus the claim follows from Theorem 4.1. m

n the following, we often denote the norm of a Banach space E by |-| instead of ||-||. The
attentive reader should have no trouble avoiding confusion with the Euclidean norm.

2Tt is occasionally useful to delete the first m terms of the series > & Tk- This new series is
written Yy, Tk Or (Sn)p>m- It often happens that o is not defined (for example, if zp = 1/k).
In this case, Y. & means > ok>1 Tk
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It is intuitively clear that a series can converge only if the summands form a
null sequence. We prove this necessary criterion in the following proposition.

7.2 Proposition If the series Y  x) converges, then (xy) Is a null sequence.

Proof Let > x4 be a convergent series. By Proposition 6.1, the sequence (s,,) of
partial sums is a Cauchy sequence. Thus, for each € > 0, there is some N € N such
that |s, — s;,| < € for all m,n > N. In particular,

n+1

n
Isn+1—sn|=‘Zxk—zxk‘=\xn+1l<€, n>N,
k=0 k=0

that is, (z,,) is a null sequence. m

Harmonic and Geometric Series

The following example shows that the converse of Proposition 7.2 is false.

7.3 Example The harmonic series > 1/k diverges in R.

Proof From the inequality

1 on 1
nfn:§ > - == N*
|52 snl k — 2n 2’ ne ’

k=n+1

it follows that (s») is not a Cauchy sequence. Thus, by Proposition 6.1, the sequence (s»)
diverges, meaning that the harmonic series diverges. m

As a simple application of Proposition 7.2 we provide a complete description
of the convergence behavior of the geometric series Y a*, a € K.

7.4 Example Let a € K. Then

oo
1
k
= 1.
g a o la| <
k=0

For |a| > 1, the geometric series diverges.

Proof From Exercise 1.8.1 we have
_ n K 1— an+1
Sn—Za— T4 neN.
k=0
If |a|] < 1, then it follows from Example 4.2(a) that (s, ) converges to 1/(1 — a) asn — oo.
Otherwise, if |a| > 1, then |a*| = |a|* > 1, and the series 3", a" diverges by Propo-
sition 7.2. m
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Calculating with Series

Series are special sequences and so all the rules that we have derived for convergent
sequences apply also to series. In particular, the linearity of the limit function holds
for series (see Section 2 and Remark 3.1(c)).

7.5 Proposition Let )" a; and ) by be convergent series in a normed vector
space E¥ and a € K.

(i) The series Y (ay + bx) converges and

Zak-i-bk Zak-i-Zbk.
k=0

(ii) The series Y (aay) converges and
o0
AR
k=0 k=0

Proof Set s, := ) )_,ar and t, :== > ,_, by for n € N. By assumption, there is
some s,t € E such that s, — s and t,, — t. In view of the identities

n n

Sp+tn = Z(ak +br), as,= Z(aak) ,

k=0 k=0

both claims follow from Proposition 2.2 and Remark 3.1(c). m

Convergence Tests

The fact that a sequence in a Banach space converges if and only if it is a Cauchy
sequence takes the following form for series.

7.6 Theorem (Cauchy criterion) For a series ) x) in a Banach space (E,|-|),
the following are equivalent:

(i) > ay converges.

(ii) For each £ > 0 there is some N € N such that

m
‘ka‘<e, m>n>N.
k=n-+1

Proof Clearly s,, — s, = Z;”:nﬂ xy, for all m > n. Thus (s,) is a Cauchy se-
quence in E if and only if (ii) is true. The claim then follows from the completeness
of £. m
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For real series with nonnegative summands we have the following simple conver-
gence test:

7.7 Theorem Let Y xj be a series in R such that x; > 0 for all k € N. Then
>~y converges if and only if (s,) is bounded. In this case, the series has the
value sup,,cy Sn-

Proof Since the summands are nonnegative, the sequence (s,,) of partial sums is
increasing. By Theorem 4.1, (s,) converges if and only if (s,) is bounded. The
final claim comes from the same theorem. m

If >y is a series in R with nonnegative summands, we write > xj < 00
if the sequence of partial sums is bounded. With this notation, the first claim of
Theorem 7.7 can be expressed as

ka <0 = Zxk converges .

Alternating Series

A series Y yp in R is called alternating if y; and yx1 have opposite signs for all k.
An alternating series can always be written in the form 4 3" (—1)¥z; with z3 > 0.

7.8 Theorem (Leibniz criterion) Let (xx) be a decreasing null sequence with
nonnegative terms. Then the alternating series S (—1)Fz; converges in R.

Proof Because of the inequality
Sop42 — S2n = —T2p41 + Tang2 <0, neN,
the sequence of partial sums with even indices (s2,,)nen is decreasing. Similarly,
S2n+3 — S2n+1 = T2p42 — T2p43 = 0, neN,
and so (S2n+1)nen 18 increasing. Moreover, Sa,4+1 < S25,, and so
Son+1 <sg and s9, >0, neN.

By Theorem 4.1, there are real numbers s and ¢ such that sq, — s and sgp41 — ¢
as n — o0o. Our goal is to show that the sequence (s,,) of partial sums converges.
We note first that

t—s= lim (Sgp41 — S2n) = lim 29,41 =0.
n—oo n—oo
Hence, for each ¢ > 0, there are Ny, Ny € N such that
|son, —s| <e, 2n>Np, and [sont1 — 8| <e, 2n+1>Ny.

Thus |s, — s| < € for all n > max{Ny, N}, which proves the claim. m
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7.9 Corollary With the notation of Theorem 7.8 we have |s — sp| < zp41, n € N.

Proof In the proof of Theorem 7.8 we showed that

inf s9,, = s = sup sap41 -
neN neN

This implies the inequalities
0<s2p —5< 89, — S2n+1 = T2n+1 n €N ’ (71)

and
0<5—52,-1 < Sopn — Sapn_1 = Tap , neN. (72)

Combining (7.1) and (7.2) yields |s — 8| < Zp41. W
Corollary 7.9 shows that the error made when the value of an alternating
series is replaced by its n'® partial sum, is at most the absolute value of the ‘“first

omitted summand’. Moreover, (7.1) and (7.2) show that the n'" partial sum is
alternately less than and greater than the value of the series.

7.10 Examples By the Leibniz criterion, the alternating series

o~ (—1)kHt 11 1
a L =1—-——-+-—-+4—--- (alternating harmonic series
k 2 3 4
i 111,
k—i—l 3 5 7

converge. Their values are log2 and 7/4 respectively (see Application IV.3.9(d)
and Exercise V.3.11). =

Decimal, Binary and Other Representations of Real Numbers

What we have proved about series can be used to justify the representation of real
numbers by decimal expansions. For example, the rational number

24+i+i+i+i+i
101 102 10 10*  10°

has a unique decimal representation:

1 3 0 7 1
2413071:=2-10" +4-10° 4+ — + — 4+ — 4+ — + — .
+ + 10! + 102 + 103 + 104 + 105

We also want to make sense of ‘infinite decimal expansions’ such as

7.52341043 . ..
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when an algorithm is specified which determines all further digits of the expansion.
The following example shows that such representations need to be viewed with
caution:

=9 9 & 9 1
3.999...=3 — =34+— 1007F=3+—.—— =4
+;10k +1okz:0 10 1- %

The choice of the number 10 as the ‘basis’ of the above representation may have
some historical, cultural or practical justification, but it does not follow from any
mathematical consideration. We can also consider, for example, binary represen-
tations, such as

101.10010...=1-2240-2"+1-2°+1-27140-27240-27 % +1-27440-27° +- .-

In the following we make this preliminary discussion more precise. For a real
number z € R, let [z := max{k € Z ; k < x} denote the largest integer less than
or equal to z. It is a simple consequence of the well ordering principle 1.5.5 that
the floor function,

['|:R=>Z, =z~ |z,
is well defined.

Fix some g € N with g > 2. We call the g elements of the set {0,1,...,9 — 1},
the base g digits. Thus {0, 1} is the set of binary (base 2) digits, {0, 1, 2} is the set of
ternary (base 3) digits, and {0,1,2,3,4,5,6,7,8,9} is the set of decimal (base 10)
digits. For any sequence (zy),enx of base g digits, that is, for x;, € {0,1,...,9 — 1},
k € N*, we have the inequality

0<> mgF<(g-1)) gF=1, neN*.
k=1 k=1

By Theorem 7.7, the series > xx9~* converges and its value z satisfies 0 < z < 1.
This series is called the base g expansion of the real number = € [0,1]. In the
special cases g =2, g =3 and g = 10, this series is called the binary expansion,
the ternary expansion and the decimal expansion of z respectively.

It is usual to write the base g expansion of the number x € [0, 1] in the form

oo
,_ 2 : —k
O.x1x2x3x4 el = kg 5
k=1

assuming that the choice of g is clear. It is easy to see that any m € N has a unique
representation in the form3

14
m=Y vg, we{0,1,....9-1}, 0<k<C(. (7.3)
=0

3See Exercise 1.5.11. To get uniqueness we have to ignore leading zeros. For example, we
consider 0 32 4032 4+ 1 3! +2 3% and 1 3! + 2 30 to be identical ternary representations of 5.
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Then
%) ¢ o
r=m+ Zxkgfk = Zngj + kagfk
k=1 =0 k=1

is a nonnegative real number. The right hand side of this equation is called the
base g expansion of x and is written

YelYe—1---Y0-T1X2T3 . . .

(if g is clear). Similarly,
—YeYr—1---Yo-T1T2T3 . . .

is called the base g expansion of —z. Finally, a base g expansion is called periodic
if there are £ € N and p € N* such that Ti+p = Ty for all k > 2.

7.11 Theorem Suppose that g > 2. Then every real number x has a base g
expansion. This expansion is unique if expansions satisfying xy = g — 1 for almost
all k € N are excluded. Moreover, x is a rational number if and only if its base g
expansion is periodic.

Proof (a) It suffices to consider only the case x > 0. Then there is some r € [0, 1)
such that z = |z| + r. Because of the above remarks, it suffices, in fact, to consider
only the case that x is in the interval [0,1).

(b) In order to prove the existence of a base g expansion of z € [0,1), we
define a sequence x1, o, ... recursively by

x1 = |gx], = {gk (Jc - kz::lxjg_j)J , k>2. (7.4)

Of course, by construction, z € N. We show that the x; € N are, in fact, base g
digits, that is,

xr €40,1,...,9— 1}, ke N* . (7.5)
We write first
k—1
g* (m - Z$j97j> =g"r — 2" g P~ 0g® — kg
i=1
) (7.6)
=g"2(g(gz — 1) — 22) — -+ — Th—2g® — Tp_19
= g(~ —g(glgr —x1) —m9) — - — :czH)

(see Remark 1.8.14(f)). Set 7o := x and 7y, := gri_1 — x, for all k € N*. Then from
(7.6) we get

k—1
g (x - ijgfj) = grE—_1 , ke N*. (7.7)
j=1
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Thus zp = |gri_1] for all k € N*. Since
Tk = gTk—1 — Tk = gTk—1 — |gTk—1] € [0,1), keN,

this proves that the x; € N are base g digits.
Our next goal is to show that the value of the series Y zrg~
from z = |gri—1] and (7.7) it follows that

kis x. Indeed,

k—1
Oﬁxkﬁgqug’“(w—zwg-g*j), keN*,
j=1
and hence
k—1 '
x—Z:z:jgﬂZO, kE>2. (7.8)
j=1

On the other hand, we have rj, = g* (a: — Zf;ll :ng_j) — x5 < 1, and so
k-1
m—ijg_] <g*1+az), k>2. (7.9)
j=1
Combining (7.8) and (7.9), we have
k-1
ng—ijg_J<g_k+1, k>2.
j=1

Since limy_o, g7*"! = 0, this implies that x = >, | z,g~*.

(¢) To show uniqueness we suppose that there are zy,yr € {0,1,...,9 — 1},
k € N*, and some kg € N* such that

o0 o0
doang ™ = wgF,
k=1 k=1

with g, # yk, and xx = yg for 1 < k < kg — 1. This implies

oo

(@ = k)9 ™ = > (e —zn)g ™" (7.10)
k=ko+1

Without loss of generality, we can suppose that zp, > yi, and so 1 < zp, — yg,-
Moreover for all z; and yi we have y, — x < g — 1 and, since we have excluded

40ne should also check that no series constructed by this algorithm satisfies the condition
zr = g — 1 for almost all k.
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the case that almost all base g digits are equal to g — 1, there is some k; > kg such
that yr, — 2k, < g — 1. Thus, from (7.10), we get the inequalities

oo
g7 < (ke —uk)g O < (g—1) DY g =g,
k=ko+1

which are clearly impossible. Therefore we have proved the uniqueness claim.

(d) Let Y72, xkg~ " be a periodic base g expansion of z € [0,1). Then there
are £ € N and p € N* such that Ti4p = o for all £ > £. It suffices to show that
2’ =377 2~ " is a rational number. Set

l+p—1

To = Z xkg_k cQ.
k=¢

Since xp4p = xy for all k > ¢, we have

o0 o0
gPr —a' = gPao+ Y wkg FTP = apg
k=t

k=£+p
o0 o0
— P —k -k _ p
=9"To+ Th+pg =~ — Trg T =9"%o -
k=¢ k=¢

Thus 2’ = gPzo(gP — 1)~ ! is rational.

Now let x € [0,1) be a rational number, that is, x = p/q for some positive
natural numbers p and ¢ with p < q. Let Z;ozl 2,9~ " be the base g expansion
of z. Set rg := x and ry, 1= gr,_1 — xy, for all k € N* as in (b).

We claim that for each k € N,
there is some s € {0,1,...,q — 1} such that ry = s;/q . (7.11)

For k =0, the claim is true with sg := p. Suppose that (7.11) is true for some
k € N, that is, 7, = s/q with 0 < s, < ¢ — 1. Since zr11 = |grr] = |gsk/q/, there

is some sp41 € {0,1,...,9 — 1} such that gsy = qzg+1 + Sk+1, and so
93k Sk+1
Th+1 = 9Tk — Tk+1 = 7 — Tk+1 = .

Consequently (7.11) is true for k + 1, and by induction, for all k. Since, for sy,
only the g values 0,1, ..., ¢ — 1 are available, there are some kg € {1,...,¢ — 1} and
Jo € {ko,ko+1,...,ko + g} such that s;, = sg,. Hence rj, 41 = 1x,, which implies
Tjoti = Thoti for all 1 < i < jo — ko. Thus, from 41 = |gry| for k € N* it follows
that the base g expansion of z is periodic. m
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The Uncountability of R

With the help of Theorem 7.11 it is now easy to prove that R is uncountable.

7.12 Theorem The set of real numbers R is uncountable.

Proof Suppose that R is countable. The subset {1/n; n>2} C (0,1) is count-
ably infinite, and so, by Example 1.6.1(a) and Proposition 1.6.7, the interval (0,1) is
also countably infinite. Hence (0,1) = {z, ; n € N} for some sequence (z,)nen-
By Theorem 7.11, each z, € (0,1) has a unique ternary expansion of the form
ZTp = 0.2, 1%52 . . ., Where, for infinitely many k € N*, Tk € {0, 1,2} is not equal
to 2. In particular, by Proposition 1.6.7, the set

X :={0xp1%n2... ; Tnr #2, n€N, ke N"}

is countable. Since X is clearly equinumerous with {0,1}Y, we have shown that
{0,1}N is countable. This contradicts Proposition 1.6.11. m

Exercises
1 Determine the values of the following series:
k

@Y SE . oY e
2 Determine whether the following series converge or diverge:
@ XY ) e VTV 0 8 @ ¥ R
3 An infinitesimally small snail crawls with a constant speed of 5cm/hour along a 1 me-
ter long rubber band. At the end of the first and all subsequent hours, the rubber band

is stretched uniformly an extra meter. If the snail starts at the left end of the rubber
band, will it reach the right end in a finite amount of time?

4 Let ) ar be a convergent series in a Banach space E. Show that the sequence (r,)
with 7, := > 72 ax is a null sequence.

5 Let (xx) be a decreasing sequence such that Yz converges. Prove that (kzy) is a
null sequence.

6 Let (z) be a sequence in [0, 00). Prove that
Tk
Zazk<oo<:>21+xk < o0

7 Let (di) be a sequence in [0, 00) such that Y 7> dr = co.

(a) What can be said about the convergence of the following series?

. di .. d
OY o @Y

Is the hypothesis on the sequence (di) needed in both cases?
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(b) Show by example that the series

. dy .. dy
O R @Y

can both converge and diverge.

(Hint: (a) Consider separately the cases lim di, < oo and lim dx = o.)

8 Let s:= Y2, k2 Show that

9 For (j,k) e Nx N, let

_Juet-Ky, G#k,
Tjk = .
0, i=k.

For each j € N*, determine the value of the series Y72 | @;k. (Hint: Factor a;x suitably.)
10 The series > cx/k! is called a Cantor series if the coefficients ¢, are integers such
that 0 < cp1 < k for all k € N*.

Prove the following:

(a) Every nonnegative real number = can be represented as the value of a Cantor series,
that is, there is a Cantor series with = > 7 | cx/k!. This representation is unique if
almost all of the ¢; are not equal to k — 1.

(b) Show that

oo

k=n+1

(c) Let @ € [0, 1) be represented by the Cantor series " cx/k!. Then z is rational® if and
only if there is some ko € N* such that c; = 0 for all k > ko.

11 Prove the Cauchy condensation theorem: If (x1) is a decreasing sequence in [0, c0),
then 3" xy converges if and only if 3 2%z, converges.

12 Let s > 0 be rational. Show that the series )., k~° converges if and only if s > 1.
(Hint: Exercise 11 and Example 7.4.)

13 Prove the claim of (7.3).

nt, n odd ,
Ty 1= 5

14 Let

-n_ n even .

Show that > z, diverges. Why does the Leibniz criterion not apply to this series?

5Compare Exercise 4.7(b).
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15 Let (zn) be a sequence in (0, 00) with lim z, = 0. Show that there are null sequences
(z5,) and (yn) in (0, 00) such that

(a) 3 zn < 00 and limz,, /2, = co.
(b) >~ yn = 0o and limy, /2, = 0.

In particular, for any slowly converging null sequence (z,) there is a null sequence (zy)
which converges quickly enough so that Y z, < oo, but, even so, has a subsequence (2, )
which converges more slowly to zero than the corresponding subsequence (zn,) of (zn).
And, for any quickly converging null sequence (z,) there is a null sequence (y,) which
converges slowly enough so that > y, = oo, but, even so, has a subsequence (yr, ) which
converges more quickly to zero than the corresponding subsequence (zn,, ) of (zn).

(Hint: Let (2») be a sequence in (0, 00) such that lim z, = 0.

(a) For each k € N* choose some nj € N such that Zny, < k3. Now set T, = k=2 for all
k €N, and 2, = n~2 otherwise.

(b) Choose a subsequence (zn,) with limg zn, =0. Set yn, = 25, for all k € N, and
Yn = 1/n otherwise.)
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8 Absolute Convergence

Since series are a special type of sequences, the rules which we have derived for
general sequences apply also to series. But because the summands of a series
belong to some underlying normed vector space, we can derive other rules which
make use of this fact. For example, for a given series > x,, we can investigate
the series Y |z,|. Even though the convergence of a sequence (y,) implies the
convergence of the sequence of its norms (|y,|), the convergence of a series > x,
does not imply the convergence of > |z,,|. This is seen, for example, in the different
convergence behaviors of the alternating harmonic series, > (—1)¥*!/k, and the
harmonic series, > 1/k.

Moreover, we should not expect that the associative law holds for ‘infinitely
many’ additions:

1=14(-1+)+(-14+)+---=1-D)+1-1H)+(1-1)+---=0.

This situation is considerably improved if we restrict our attention to convergent
series in R with positive summands, or, more generally, to series with the property
that the series of the absolute values (norms) of its summands converges.

In this section Y xy is a series in a Banach space E := (E, |-|).

The series Y x; converges absolutely or is absolutely convergent if > |xx| con-
verges in R, that is, Y || < oo.

The next proposition justifies the word ‘convergent’ in this definition.

8.1 Proposition FEvery absolutely convergent series converges.

Proof Let Y  z; be an absolutely convergent series in E. Then ) |zx| converges
in R. By Theorem 7.6, >_ |z| satisfies the Cauchy criterion, that is, for all € > 0
there is some N such that

m

Z|:ck|<5, m>n>N .
k=n-+1
Since
m m
‘Zxk‘g Z lzk| < e, m>n>N (8.1)
k=n-+1 k=n-+1

the series ) ) also satisfies the Cauchy criterion. It follows from Theorem 7.6
that > xj converges. m
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8.2 Remarks (a) The alternating harmonic series Y (—1)**!/k shows that the
converse of Proposition 8.1 is false. This series converges (see Example 7.10(a)),
whereas the corresponding series of the absolute values, that is, the harmonic
series > k™!, diverges (see Example 7.3).

(b) The series Yy, is called conditionally convergent if Y xj, converges but > ||
does not. The alternating harmonic series is a conditionally convergent series.

(c) For every absolutely convergent series > x; we have the ‘generalized triangle

inequality’,
e o] o0
DEAEDIE
k=0 k=0
Proof The triangle inequality implies

k=0

k=0

The claim now follows from Propositions 2.7, 2.10 and 5.3 (see also Remark 3.1(c)).

Majorant, Root and Ratio Tests

Absolute convergence plays a particularly significant role in the study of series.
Because of this, the majorant criterion is of key importance, since it provides an
easy and flexible means to show the absolute convergence of a series.

Let >" a2 be a series in £ and 3 ay a series in RT. Then the series 3 ay
is called a majorant (or minorant') for > x if there is some K € N such that
|zk] < ag (or a < |zg|) for all k > K.

8.3 Theorem (majorant criterion) If a series in a Banach space has a convergent
majorant, then it converges absolutely.

Proof Let > xj be a series in F and }_ aj a convergent majorant. Then there
is some K such that |zg| < ai for all k£ > K. By Theorem 7.6, for € > 0, there
is some N > K such that Y ;" . ap <e for all m >n>N. Since Y ay is a
majorant for > x, we have

m m
Z|xk\§ Zak<5, m>n>N .
k=n-+1 k=n+1

Since the series Y || satisfies the Cauchy criterion, Y |z | converges. This means
that the series ) xj converges absolutely. m

INote that, by definition, a minorant has nonnegative terms.
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8.4 Examples (a) For m >2, >, k=™ converges in R.

Proof Because m > 2 we have k™™ < k™2 for all k € N*. Example 7.1(b) shows that
S k™% is a convergent majorant for S>k™™. m

b) For any z € C such that |z| < 1, the series > z* converges absolutely.
y g y

Proof We have |2¥| = |2|* for all k € N. Because of |z| < 1 and Example 7.4, the geo-
metric series 3 |z|¥ is a convergent majorant for 3 zF. m

Using the majorant criterion we can derive other important tests for the
convergence of series. We start with the root test, a sufficient condition for the
absolute convergence of series in an arbitrary Banach space.

8.5 Theorem (root test) Let Y xy be a series in E and

a = lim {/|zg] .
Then the following hold:
>~ ay converges absolutely if o < 1.
> ay, diverges if a > 1.
For ae = 1, both convergence and divergence of »_ xy, are possible.

Proof (a) If a < 1, then the interval (o, 1) is not empty and we can choose some
q € (a,1). By Theorem 5.5, « is the greatest cluster point of the sequence ( V| |)

Hence there is some K such that {/|zx| < g for all k£ > K, that is, for all k > K|,
we have |z3| < ¢*. Therefore the geometric series > ¢* is a convergent majorant
for >z, and the claim follows from Theorem 8.3.

(b) If @ > 1, then, by Theorem 5.5 again, there are infinitely many k € N
such that {/|zx| > 1. Thus |zk| > 1 for infinitely many k € N. In particular, (xy)
is not a null sequence and the series > xj, diverges by Proposition 7.2.

(¢) To prove the claim for the case a = 1 it suffices to provide a conditionally
convergent series in £ = R such that a = 1. For the alternating harmonic series,
xp, := (=1)**1/k, we have, by Example 4.2(d),

.1 1
V| = ﬁ/;{“/Eﬁl (k — o0) .
Thus o = lim {/|z;| = 1 follows from Theorem 5.7. m

The essential idea in this proof is the use of a geometric series as a convergent
majorant. This suggests a further useful convergence condition, the ratio test.
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8.6 Theorem (ratio test) Let > xj be a series in E and K, be such that xy # 0
for all k > K. Then the following hold:

(1) If there are ¢ € (0,1) and K > K such that

Th+1
||:C:||§q7 kZKa

then the series Y xy, converges absolutely.

(ii) If there is some K > K{ such that

|Zk41]
|2k ]

>1, k>K

3

then the series Y xy, diverges.

Proof (i) By hypothesis we have |zi11| < g|zg| for all k > K. A simple induction
argument yields the inequality

lzk] < ¢ K |zg| = lm—glqk , E>K.
q

Set ¢ := |xK|/qK. Then ¢ 3" ¢* is a convergent majorant for the series Yy, and

the claim follows from Theorem 8.3.

(ii) The hypothesis implies that (xj) is not a null sequence. By